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Abstract. The main goal of this paper is to construct a wavelet-type
random series representation for a random field X, defined by a multi-
stable stochastic integral, which generates a multifractional multistable
Riemann-Liouville (mmRL) process Y. Such a representation provides,
among other things, an efficient method of simulation of paths of Y.
In order to obtain it, we expand in the Haar basis the integrand asso-
ciated with X and we use some fundamental properties of multistable
stochastic integrals. Then, thanks to the Abel’s summation rule and the
Doob’s maximal inequality for discrete submartingales, we show that
this wavelet-type random series representation of X is convergent in a
strong sense: almost surely in some spaces of continuous functions. Also,
we determine an estimate of its almost sure rate of convergence in these
spaces.
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1 Introduction

The main idea behind multifractional processes is that Hurst parameter which
governs path roughness is no longer a constant but a function whose values can
change from point to point (see e.g. [1]). Thus, such processes provide more flex-
ible models than the classical fractional Brownian motion whose path roughness
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remains everywhere the same. In the same spirit, the articles [4-6] have proposed
three different (non-equivalent) approaches allowing to generalize stable stochas-
tic processes (see for instance [9]) in such a way that the parameter o governing
the heavy tail behaviour of their distributions becomes a function. Such general-
izations are called multistable processes. The approach introduced in [6] relies on
the construction of multistable stochastic integrals. Such an integral Z depends
on a functional parameter «(-); this deterministic Lebesgue measurable function
a(-) is defined on the real line R and with values in some compact interval [a, @]
included in (0,2]. Throughout this article, we assume that a(-) belongs to the
Holder space C1*7=([0,1]), for some p, € (0,1); in other words () is contin-
uously differentiable on [0, 1] and its derivative o/(-) satisfies a uniform Holder
condition on [0, 1] of order p,, that is one has |a/(s1) — /(s2)| < ¢|s1 — sa|P=,
for some constant ¢ > 0 and for all (s1, s2) € [0,1]%. Moreover, we assume that

l<a<a(s)<a<?2, forallseR. (1)

The integrands associated with the multistable stochastic integral Z are the
deterministic functions from R to R belonging to F,, the Lebesgue space of
variable order defined as:

Fa ::{f s.t. f is a Lebesgue measurable function from R to R and

/]R\f(s)|“(s)ds < +oo}. @)

Notice that, for any fixed f € FJ := F, \ {0}, the function from (0, +00) into
itself A — [, A=%(®)| f(s)|*()ds is continuous and strictly decreasing, and one has

limy o+ fr AT0Ef(5)|*ds = 400 and Hmaoye0 Ju A7) | f(5)|*Pds = 0.
Therefore, there exists a unique positive real number denoted by || f||» such that

[z as = 1. 3
R

The map || - || defined on F, in this way and by using the convention that
IOl = 0 is a quasi-norm on JF,; notice that the only difference between a

norm and a quasi-norm is that in the latter case the triangular inequality holds
up to a multiplicative constant, namely there exists ¢’ € [1,+00), such that
1+ glla < (I flla + llglla), for all f,g € F,. Also notice that one can derive
from (2) and the inequality

[1sreas < [ids+ [ ir)ds

R R R

which is satisfied by any Lebesgue measurable function f from R to R, that
L*(R)NL*(R) C Fa, (4)

where, for all p € (0,40c], one denotes LP(R) the classical Lebesgue space of
order p of real-valued functions over R. Moreover, there is a finite constant
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only depending on « and @, such that, for all f € L% (R) N L%(R), one has
£l < a1+ 161) = ra ([ 17002d8)” 4w [ 150917as) ™. 0)
The latter inequality simply results from the fact that
[ @721+ 27515 1) o
< [ (/200a 20 1) Il s
+ [ (2720l +2 )
<2 [flg s s+ 1A e ds = 1.

® 17 (s)ds

Let us now recall some fundamental properties of the multistable stochastic
integral Z which was introduced in [6]. Denote by L7(§2, A, P) the space of the
real-valued random variables on a given probability space ({2, 4,P) whose ab-
solute moment of order v is finite, where v € (0, ) is arbitrary and fixed. The
integral Z is a linear map from F, into L7(2, A,P) such that, for all f € F,,
the characteristic function @7y of the random variable Z(f) satisfies

Drp (&) = E(eigz(f)) = exp ( — /R |§f(s)|a(s)ds) , forevery £eR. (6)

Observe that (6) implies that Z(f) has a symmetric distribution. Similarly to sta-
ble stochastic integrals (see for instance [9]), one can in a natural way associate to
the multistable stochastic integral Z an independently scattered random measure
denoted by M, (see [6]). Thus, Z(f) is frequently denoted by [ f(s)Maq (ds).
It is worth mentioning that an upper bound of the asymptotic behavior at +oo
of the tail of the distribution of the random variable [, f(s)Mq (ds) is provided
by Proposition 2.3 of [6]:

(‘ / f(s ‘ > )\) < KQAA_Q(S)\f(s)\a(S)ds7 for all A € (0, +00),
(7)

where ko is a constant only depending on o and @. The same proposition also
provides, thanks to (7), an estimate for the absolute moment of any order v €

(0.00) of [, F() M (ds):
E(| [ 1M ) 1”) < (1) If2, for each fixed 7 € (0,a),  (8)

where k3(7) is a finite constant only depending on v, a and @. We mention in
passing that the paper [2] has shown that the inequality (7) is sharp: the reverse
inequality also holds.
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2 Main result and simulations

Let us now give the main motivation behind our present article. The paper [8]
has introduced via Haar basis an almost surely uniformly convergent wavelet-
type random series representation for the stable stochastic field which generates
linear multifractional stable motions [10,11]. In our present article, we intend to
generalize this result to the framework of the multistable stochastic field which
generates linear multifractional multistable motions of Riemann-Liouville type.
The latter field is denoted by { X (u,v) : (u,v) € [0,1] x (1/c, 1)}, and defined,
for all (u,v) € [0,1] x (1/a, 1), as:

X(u,v) = / K, »(s)Mq (ds), (9)
R
where, for every (u,v,s) € [0,1] x (1/a,1) X R,
o 0 if s ¢ [0,u)
Kyo(s) = (u— | = 1 T 10
o(8) = =9y o11(5) { (u—s)""= otherwise. (10)
It can easily be seen that, for each fixed (u,v) € [0,1] x (1/a, 1), one has
0 < Kuu(s) <Tjoy(s), forallseR. (11)

Thus, the function K, , belongs to the space F, (see (2)) which guarantees
the existence of the multistable stochastic integral in (9). Also, one can derive
from (11) that the function K, , belongs to all the Lebesgue spaces LP(]0, 1]),
p € (0,+00], and in particular to the Hilbert space L2([0,1]). A well-known
orthonormal basis of the latter space was introduced by Haar in [7]; it consists
in the following collection of functions:

]]-{0,1)(.)7
J/21(97 @ —k) = 24/2 _
2I%h(2 e —k) =2 (11 [2—ak,2—f(k+%))(.) ﬂ[2—j(k+%)’2‘3(k+l)) (.))’
j€Zy and k€ {0,...,2 — 1},
(12)

where h := 1912y — 1j1/2,1)- By expanding, for each fixed (u,v) € [0,1] x
(1/a, 1), the function K, , on the latter basis, one gets that

+00 27 —1

Ku,v(') = ||Ku,v||1]l[0,1) + Z Z wj,k(uvv)h@j k), (13)
=0 k=0

where || Ky |1 = fol Ky (s)ds and

1
wjk(u,v) == 2j/ Kuo(s)h(27s—k)ds, forall j € Zy and k € {0,...,27 —1}.
0
(14)
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A priori, the series in (13) is convergent for the L?([0, 1]) norm; yet (1), (5) and
the Holder inequality imply that this series is also convergent for the quasi-norm
Il - llo- Thus, using (9) and (8) one gets that

400291

X(u,v) = [Kuplin+ Y D winu,0)ejn, (15)

=0 k=0

where 1 := [ 1j9,1)(s)Maq (ds) = M4 ([0,1)) and
Ejk 1= / h(27s — k)M, (ds), forallj€Z, and k € {0,...,27 —1}. (16)
R

A priori, the series in (15) is convergent in the sense of the LY(£2, A, P) (quasi)-
norm, for each fixed (u,v) € [0,1] x (1/a,1) and v € (0,a). The main goal of
our article is to show that it is also convergent in a much stronger sense, namely:

Theorem 21 For all integer J > 1 and (u,v) € [0,1] x (1/a, 1), let X7 (u,v) be
the partial sum of the series in (15) defined as:

J—129-1

X7 (u,0) = 1 Kuollin+ Y Y wik(u,v)esp. (17)

j=0 k=0

Then, there exists an event (2* of probability 1, such that, for all w € 2F and

for every real numbers a and b satisfying 1/a < a <b <1, (XJ(-, "w))JeN is a

Cauchy sequence in C([O7 1] x [a, b]) the Banach space of the real-valued contin-
uous functions over the rectangle [0,1] X [a,b] equipped with the uniform norm
denoted by || - ||c. Thus, it is convergent in this space. Moreover, the multistable
stochastic field {X (u,v) : (u,v) € [0,1] x [a,b]} with continuous paths, defined
as:

)}(-, Lw) = Jhlf X7, w), ifwe 2, and )?(~,~,w) =0, else, (18)

—+00

is a modification of {X(u, v) @ (u,v) €10,1] X [a, b]}, and one has, for any fized
¢(>1/a and w € 2%,

sup {J_C 9J min{pa,a—1/a} ’)?(u,v,w) — X7 (u,v,w)] :
(J,u,v) € N x [0,1] x [a,b]} < +o0. (19)

Remark 21 In view of (17) and of the fact that X isa modification of X, the
inequality (19) provides an almost sure estimate of the rate of convergence for
the uniform norm || - ||lc of the random series of functions in (15). Notice that
in the particular case where X is an a-stable field (that is a(s) = «, for all
s € [0,1], where o € (1,2) is a constant parameter), this estimate of the rate of
convergence becomes (9(2‘J(‘1_1/0‘)J1/0‘+"), where 1 is an arbitrarily small fized
positive real number. Thus, it improves the estimate O(Q_J(“_l/o‘)Jz/“”’) which
was previously obtained in [8, Theorem 2.1].
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Definition 1. Let H(-) be a deterministic function from [0,1] into [a,b] C
(1/a,1). The multifractional multistable Riemann-Liouville (mmRL) process of
parameter H(-), generated by the field {)N((u,v) : (u,0) € [0,1] x [a,b]}, is
the multistable process denoted by {Y (t) : t € [0,1]} and defined as:

Y(t):= X(t, H(t)), forallte]|0,1]. (20)

Notice that when the function H(-) is a constant {Y(t) : t € [0,1]} is called
fractional multistable Riemann-Liowville (fmRL) process.

Remark 22 [t easily follows from Theorem 21 and Definition 1 that {Y (t) :
t € [0,1]} has almost surely continuous paths as soon as H(-) is a continuous
function.

Remark 23 Using (12), (14), and (16), it can be shown by induction on J that,
for all J € N and for each (u,v) € [0,1] x (1/a, 1), the random variable X’ (u,v),
defined in (17), can be expressed as:

271

X () = 3 Ko, Ma([27712771+1)). (21)
=0

where, for all J € N and | € {0,...,27 — 1}, F;flv is the average value of the

function K, , on the dyadic interval [2_‘11, 2=7(1 + 1)), that s

i 277 (141)

K, ., = 2‘]/ K, ,(s)ds. (22)
2-J]

The equalities (21), (18) and (20) provide an efficient method for simulating

paths of the mmRL process Y. To this end, when J is large enough, one uses the

approximation:

MQ([TJZ, 2771+ 1))) A za(wl)([rﬁ 277 (1 + 1))) : (23)
where the Z -1y, | = 0,.. .27 — 1, are independent usual symmetric stable
random measures with stability parameters a(2-71), 1 = 0,...,27 — 1. Notice

that the approzimation (23) is justified by [6, Theorem 2.6].
In Figure 1 there are some simulations. In Figure 2, for the same function «

as above.

3 Proof of the main result

The main two ideas of the proof of Theorem 21 are:

1. The use of the Abel’s summation rule in order to express £;(u,v) in a con-
venient way (see Remark 31).
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(a) o function. (b) Hurst’s function.

enps

Fig. 1: Multifractional multistable Riemann-Liouville process.

2. The use of the Doob’s maximal inequality for discrete submartingales in
order to derive, for each j € N, a suitable upper for the supremum of the
absolute values of the partial sums 7; 5, k € {0, ...,27 —1}, of the multistable
random variables €;,...,€;2_1 (see Remark 32, Lemma 1 and its proof).

The first idea is borrowed from [8] while the second one is completely new.
Remark 31 For all j € Z4 and (u,v) € [0,1] x (1/a,1), one sets

201 (29 4]

Lj(u,v):= Z wjk(u,v)ejr = Z wj K (u, v)ej - (24)
k=0 k=0

One mentions in passing that the last equality in (24), in which [27u] denotes
the integer part of 27u, follows from (12) and (14). Using the Abel’s summation
rule one has that:

[27u]—1

Lj(u,v) = Tj 250 Wj 23 u) (us V) + Z Tk (Wi (U, v) = wj ki1 (u,v)), (25)
k=0
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(a) H = 0.72. (b) H = 0.81.

enps

Fig. 2: Fractional multistable Riemann-Liouville processes.

where {73);C :j€Zy and k €{0,...,27 — 1}} is the sequence of the multistable
random variables defined, for all j € Zy and k € {0,...,27 — 1}, as:

k k
Tik = Ejm = /R ( > h(@s - m))/\/la (ds). (26)

m=0 m=0

Notice that the last equality in (26) follows from (16).

Remark 32 One knows from (16) and (8) that the multistable random variables
gik, J € Nand k € {0,...,27 — 1}, belong to L7(£2, A,P), for all v € (0,a);
which in particular means that they are in L*(£2, A,P) since a > 1; notice that
they are centered since their distributions are symmetric. Moreover, for each fized
j € N, the random variables €jx, k € {0,...,27 —1}, are independent since the
random measure M, is independently scattered and the supports of the functions
h(27 e —k), k € {0,...,27 — 1}, are pairwise disjoints (up to Lebesgue negligible
sets). Thus, in view of the first equality in (26), it turns out that, for each fized
J € N, the sequence of random variables {Tj}o<p<osi is a discrete martingale
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with respect to the filtration (Aj )o<r<2i—1 such that, for any k € {0,...,27 -2},
A; . denotes the smallest o-algebra for which the random variables €0, ...,€;
are measurable.

Lemma 1. There exists an event £2* of probability 1 such that on £2*, one has,
for all fized ¢ > 1/a,

sup {(1 +4)7¢ sup ‘Tj7]€|} < 4o00. (27)
jezy 0<k<2i

Proof (Proof of Lemma 1). Let ( > 1/a and 7 € [1,a) be fixed and such that
(>1/v>1/a. (28)

Observe z — |z|7 is a convex function from R to Ry, and one has E(|;|7) <
+o0, for all j and k (see the last equality in (26), (8) and (12)). Thus, it follows
Remark 32 and from [3, Theorem 10.3.3 on page 354], that, for each fixed j € N,
the sequence of random variables {|Tj,k|7}0 <p<o; 18 a discrete submartingale
with respect to the filtration (Aj,k)ogk<2j,1._Hence, using the Doob’s maximal
inequality (see [3, Theorem 10.4.2 on page 360]) one has, for all positive real
number M,

IP’( sup |77 > M) <M E(|1j0i4]) - (29)
0<k<2i

Observe that it follows from the last equality in (26), (8) and the fact that

279 -1

/R‘mz_oh@js—m)

a(s)

ds=1,

that

HE(|7—j72171|w) < 53(7)7 for au.] € Z-’ra 0

=

(3
where r3(7y) is the same finite constant as in (8). Next, taking in (29) M =
(1+4)7¢ and using (30) and (28), one obtains that

“+ o0 “+ o0
STP( sup Imial > (145)) < ka(r) Do(1+5) 7 < ox
=1 0<k<2i j=1

Thus, it follows from the Borel-Cantelli’s Lemma that the probability of the
event

;= {w € 2 : sup {(1 +4)7¢ sup ‘|Tj,k(w)|} < —i—oo}
JE€Ly 0<k<2i

is equal to 1. For finishing the proof, one sets
2" = N 2
¢eQn(1/a,+o0)

where QQ denotes the countable set of the rational numbers.
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In order to derive Theorem 21, one also needs the following five lemmas whose
proofs are given in the Appendix A. From now on, for the sake of simplicity one
denotes by I the interval [0, 1].

Lemma 2. There exists a positive and finite constant ¢1 such that, for any
j €N, for each (u,v) € I x [a,b] satisfying u > 4.2791 and for all s €
[0,u — 4.27971], the following inequality holds

| Kuw(s) = Kuo(s+2771) = Kuo(s +2.27771) + Ky (s + 327771

<e279(279P0 4 27|y — s — 3.279 7 am /am2y (31)
Lemma 3. There exists a positive and finite constant co such that, for any
j € Zy and (u,v) € I x [a,b], the following inequality, in which [2/u] denotes
the integer part of 27w, is satisfied

7,259 (u,0)] < 027 (*72) (32)

Lemma 4. There exists a positive and finite constant cs such that, for any
JjE€Z4 and (u,v) € I x [a,b], one has

w_9—G+D)

I;(u,v) = Qj/ o |(C
u—2.2—(G+1)
< eq279(a=%) (33)

u— S)viﬁ —(u—s— 277‘71))7]_“(”2173"1) ds

with the convention that I;(u,v) =0 when u < 270+,

Lemma 5. There exists a positive and finite constant c4 such that, for any
JjE€Z4 and (u,v) € I x [a,b], one has

w—2.2—(G+D)

2 0]
I (u,v) = QJ/ .
u—3-2—0G+1)

~(u— s — 227G T S g

(u— )"~ — (u— 5 — 2-UTD) "G

< ¢g27(0mz), (34)
with the convention that I?(u,v) := 0 when u < 2-270FY,

Lemma 6. There exists a positive and finite constant cs such that, for any
Jj €Zy and (u,v) € I X [a,b], one has

I (u,v) = 2]'/

u—4-2—(G+1)

w—3.2— G+ L

(u—s)"" 5 — (u—s— 2 UFD) " aGrT-1

—(u—s5—2.2"0+)) TG
¥ (u—s—3-27UtD) TG | gs

< eg27i(a-%) (35)

with the convention that I} (u,v) := 0 when u < 3 - 2-(+1),
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We are now in position to prove Theorem 21.

Proof (Proof of Theorem 21). Let J € N, Q € N, (u,v) € I X [a,b] and w € £2*

be arbitrary and fixed. Using (17), (24), (25), the triangular inequality, (14) and
(12), one gets that

J+Q—1
‘XJ+Q(’U,,U,Q))—XJ(U,’U,(U)|= Z Li(u,v,w)
j=J
J+Q—-1 [27u]—1
< 0 (s Ima)) (lwg o)l + > o) = wike w,0)])
j=J 0sk<Z k=0
J+Q—1
= Z ( sup |7 p(w |wj[29u u,v)
=7 N 0<k<2
[Tul=1 (kt1/2)27 .
n 2]/ (Ku,,, Kuw(s+27771) = Kyo(s +2-27971)
k23

+ K(s+3-27771) ) ds

)

J+Q—-1
< Y (s ma)) (lwpmaen)
=7

0<k<2i
u—2"J9"1

220 [T o)~ Kl 297 — Kl 272797
0

ds> . (36)

Next, putting together (36), (10) and Lemmas 1 to 6, one obtains, for any fixed
¢ > 1/a, that:

+ Kyo(s+3-27971)

J+Q-1
|XJ+Q(u,v,w) _ XJ(U,,U,OJ)’ < C'(w) Z (1 +j)< (273 min{a—1 pa} 497
Jj=J

u—4.27971 }
. / (u—s—3- 27#1)(171/&72(15)
0

J+Q-1 o . +oo o .
<C” (w) Z (1 _|_.])C2*j min{a—,pa} < (LU) Z(l +J)(27] mm{afg,pu}7
Jj=J j=J

(37)

where C’ and C” are two positive and finite random variables not depending on
J, Q and (u,v). Thus, one can derive from (37) that (X7 (-,-,w)) sen is a Cauchy
sequence in the Banach space C(I X [a,b]); its limit in this space is denoted by
X('a B w)
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Let us now prove that (19) is satisfied. When @ goes to +oo0, it follows from
(37) that

+oo
|X(u7v7w) - XJ(u,v,w)’ < C”(w) Z(l _,_j)CQ—jmin{a—jpw}
j=J

+oo
< Caa(w)(l+J)§2—Jm1n{a—é,pa}z(1_’_j)(z—jmm{a—é,pa}
=0

< C"”(w) JC2—Jmin{a—é7pa}’ (38)

where C"” is a positive and finite random variable not depending on J and (u, v).
Thus, (38) implies that (19) holds.

A  Appendix

Proof (Proof of Lemma 2). One assumes that j € N and (u,v) € I X [a,b] are
arbitrary and such that w > 4.277~!. Then, one denotes by L, , the infinitely
differentiable function on the open set (—oo,u) x (1/v,+00) C R? defined as:

Luw(z,y) = (u—x)""YY | for all (z,y) € (—oo,u) x (1/v,+00).  (39)
Thus, using (10), one has
Kuy(2) = Luy(z,0(2))  forall z € [0,u—27971] (40)

One can derive from (40) and the triangular inequality that, for every s € [0, u—
4.277-1],

|Ku7v(8) B Ku’v(s + 2_j_1) - KU’U(S + 2‘2_j_1) + Ku,v(s + 3.2_j_1)|
Luufs,0(5)) ~ Lua(s + 2797 a(s +27971)

~Luals #2277 (s +22797) 4 Luu(s 43277 als 32797

< A ,(s) + B, (s), (41)
where
A{w(s) = Ly (s,0(8)) = Luo(s + 2797 a(s +27971))

— Lyw(s+22777  a(s)) + Ly (s +3.277 7 a(s +27771) | (42)
and

Bl (s):=

u,v

Luo(s4+227771 a(s)) — Ly w(s + 32777 a(s +27971))

— Ly (s +22797 a(s +2.2777h)
+ Luo(s+3277 L a(s+3.27771). (43)
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First step: The goal of this step is to provide a suitable upper bound for
the quantity A, ,(s).
For any fixed s € [0,u—4.27771]  one denotes by g1 s the infinitely differentiable
function defined as:

[0,277] — R
91,s: i i (44)
T Ly (s +z,a(s)) — Luo(s + 277 L 4z, a(s +27771)).

Thus, it follows from (42) that A, ,(s) = |gl7s(2_j) — gLs(O)!. Then using the
mean value theorem, one obtains that A7 ,(s) = 277|g] ,(x.)|, for some z, €
(0,27771). Therefore, one can derive from (44), (39), the triangular inequality
and the inequalities [v — 1/a(s + 27771 < 1 and |v — 1/a(s)| < 1 that

Al (s) <277 <’(u — s 27Tl g yurle /a2

_ (’LL — 5 — 2—,7—1 _ x*)v—l—l/a(s)

i ‘ 1 1
al(s+27771)  a(s)

‘(u s 97iml g yvmi-/al)

+ ‘(u —s— zfjfl . x*)vflfl/a(s) _ (u —5— :L,*)vflfl/a(s)

). )

Next, notice that it follows from the assumption a € C'*ra(I), (1), z. €
(0,27971) and v € [a, b], that
1 1 .
_ g9t
‘a(s—l—?ﬂ*l) a(s) (u—s
< 012—j—1(u —5— 2—_7'—1 _ x*)v—l—l/a(s)

<2797 u— s — 3279 arima (46)

_ x*)v—l—l/a(s)

where ¢; is a constant not depending on j, u, s,v. Thus, using (45) and (46), and
applying the mean value theorem to the functions:

[0,27771] - R
92,3, * 11—

w— (u—5— o, —w)" go)

9

. [a(s) ANa(s+2777 1) a(s) Va(s+277 1] = R
Pt 1 (u—s—279"1 — g )o-1-2
one obtains that

Al (5) S 27 ((u —s—327 0 Yerl=Ya 4 (g 3o ilja2-1/a
+ log(u—s— 277" |(u—s — 3'2—]‘—1)@—1_1/@)
<27 (2(u —5—3.277 o2y og(y — s — 27771

(u—s— 3.2—1—1)“—1—1/9) , (47)
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where ¢ is a constant not depending on j, u, s,v. Finally, combining (47) and
the inequality |log(z)| < x7!, for all z € (0, 1], one gets that
Aim(s) <327V (u—s— 3.27j71)“7271/g, (48)
where c3 is a constant not depending on j,u, s, v.
Second step: The goal of this step is to provide a suitable upper bound for
the quantity B, ,(s).
In view of (43), the quantity B ,(s) can be rewritten as:
B o) = |(Luls +2:2777 1 a(s)) = Luy(s + 2277 a(s +227771)
= (Luw(s + 32797 a(s+27771)
— Luu(s+3.27971 a(s +3.27771))) ’
Thus applying the mean value theorem to the functions
Jle(s) Ae(s+2.2777 ) a(s) Va(s +2277 )] — R
Ty Lyl +227771y),
Jlas+27 7 Y Aa(s+3277 ) a(s +27 ) Va(s + 32777 ] — R
9957 Yy = Luw(s +3.27771,y).

and putting together the triangular inequality, the assumption a € C'*Pa(I),
(1), v € [a, b], and the equality

df —gh=d(f —h)+h(d—g), foralld, f,g,h€eR,
one obtains, for some
Y € (a(s) Aa(s+227771) a(s) Va(s +2.27771) (49)
and
Yr € (a(s+277 ) ANa(s+3277 ), a(s+277 ) va(s+327771)), (50)
that

Bi ,(s) < 642—j(1+pa)

1 y .
? IOg(u — S — 2.2_3_1)‘(11, — 5 — 2.2—j—1)a—1/g

*

1 , 4
- 7) log(u — s — 2-2_3_1))(1; —§—227 et/

ok

1,1
+ 042_]‘(?

1 o
5 log(u—s—227777)

— (u—s5—22777 1 l/y

44277 ’(u —5— 2277 yv /-

1
Y2,

— (u—s— 3.2—j—1)v—1/ym log(u — s — 3.2—j—1)> ’ ) (51)

+ 4277 ((u — 5 — 2277 )Ty Jog(y — 5 — 2.27971)
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where ¢4 is a constant not depending on j, u, S, v, Y«, Y« - Next, notice that using
(1), (49), (50) and the assumption o € C1*TP=(I), one gets that

1 1
and
1 I
vyl
Y — Vs

<Ay — sl <A4| Jnax a(s+i27771) — min a(s+i277/ 71|

y2,y2 3 0<i<3

<527, (53)

where c5 is a constant not depending on j, u, S, v, Y«, Y« - Also, notice that ap-
plying the mean value theorem to the function

Pl — (u—s—2277 -t/

and using v € [a, b], Yx, Yux € (@, @), the second and the third inequality in (53),
one obtains that

‘(u — 52270710 (y g 99731y

<27 (u—s— 2.2_j_1)a_1/g| log(u — s — 2.2“7_1)| , (54)

where cg is a constant not depending on j, u, S, v, Ys, Yx+ . Moreover, notice that
applying the mean value theorem to the function

0,277 — R
Irswe ™ 1y (u—s5—227771 —g)v= 1/ Jog(u — s — 2.27971 —2)

and making use of v € [a,b] and Y., Y.« € (@, @), it follows that
‘(u —5— 22707 jog(y — 5 — 227971
— (u—s—32797 1 /ve Jog(u — 5 — 3.2_j_1)‘
<279 (u— s — 3.279"yem1/a-1 (1 +log(u— 5 — 3.2*]’*1)) , (55

where c7 is a constant not depending on j,u, s, v, Yx, Yx« - Next putting together
(51) to (55), one gets that

B] ,(s) < 042_j(1+p“)| log(u—s—2277"1)|(u—s— 2,277 1ja=l/a
+cg27% <(u —5— 2.2*j71)“*1/g| log(u —s —2.27771)|
+(u—s—22777 o Valog?(y — 5 — 227771

+ (u—s—3.27 77 )art/a-d (1 + log(u — s — 3.29‘1))) . (56)
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where cg is a constant not depending on j,u, S, v, Yx, Y« - Then, one can derive
from (56) and the inequalities

sup |log(2)|z27 V2 < 400, sup |log?(2)|z27 2 < 400 and |log(x)| < |z,
2€(0,1] z€(0,1]

for all z € (0,1], that

Bl (s) < co (27j(1+p“) +27% |y — 5 — 3.27j71|a71/272) , (57)

u,v

where ¢g is a constant not depending on j,u, s,v. Finally combining (41), (48)
and (57), one obtains (31).

Proof (Proof of Lemma 3). Tt easily follows from (14), (12), (10), (1) and the
assumption that v € [a,b] that

u

i) <2 [ - ds

2-3[24u]

<9 / 9—ila=1/a) gg < g—ila=1/a)
2-9[204]

The proofs of Lemmas 4, 5 and 6 are very similar so we only give that of
Lemma 6.

Proof (Proof of Lemma 6). Let j € Z4 and (u,v) € I X [a,b] be arbitrary and
such that u > 3- 27U+ In view of the assumptions on (u,v) and (1), it can
casily be seen that, for all s € [u —4-2-0+D ¢ —3.2-0+D] and for any
q € {0,1,2,3}, one has

0< (u—s—q- 2—(j+1))”*m
< (7.27<a‘+1>)v*m < 71/ g-(i+1)(a-1/a)
Thus, using the triangular inequality one gets that
w—3.2-G+D ) )
I;(u,v) = Qj/ v (u—s)" 2 — (u—s—2_(j+1))v_m
u—4.2=0G+1D

—(u—s—2 27(j+1))”*m

+ (u —s—3. 2*(j+1))”7a<s+3-7§*f*1> ds
u73_2—(j+1)
- w—4.2—G+1)

—9-1.4.70-1/a 9-(i+1)(a-1/a)

which shows that (35) is satisfied.
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