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The common question that gets asked in business is,
‘Why?’. That’s a good question, but an equally valid
question is, ‘Why not?’. — Jeff Bezos, CEO of Amazon

Abstract. We propose an extension of the framework developed by Pro-
fessor Kenneth J. Arrow, for the analysis of choice under risk by an indi-
vidual, hereafter referred to as a decision maker. The framework is based
on the state dependent rankings of alternatives of the decision maker.
We begin by showing that the existing model of decision making under
uncertainty due to Professor Edi Karni can be accommodated in our
framework. We provide several examples to illustrate meaningful possi-
bilities in the model proposed here. In a final section of the paper we
provide an axiomatic characterization of the Probabilistic Borda Rule
based on Anonymity and a Maximal Coherence assumption, the latter
being a minor variant of a similar property due to Professor Bruno De
Finetti in his philosophy of probability theory.

Keywords. Risk, State-dependent Preferences, Extended Choice Cor-
respondence, Probabilistic Borda Rule.

M.S.C. classification. Not given by the Author.
J.E.L. classification. D01, D81.

1 Introduction

Here we propose a framework for the analysis of choice under risk by an indi-
vidual, hereafter referred to as a decision maker. The framework is based on the
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state dependent rankings of alternatives of the decision maker. It is an extension
of the seminal model of social choice theory developed by Kenneth J. Arrow
which is discussed and generalized like a master craftsman by Amartya Sen in
[17]. Arrow and Sen were primarily concerned with aggregating non-weighted
individual/criteria/state dependent rankings of alternatives into an overall (or
social) ranking of alternatives. The problem of choosing one or more alternatives
from a given set of alternatives when the decision maker is given non-weighted
individual/criteria/state dependent rankings of alternatives was raised and rig-
orously formulated for the first time in a seminal contribution on majority voting
by [13]. For the classical theory of decision making under uncertainty in the state
dependent case - which is the other and major motivation behind this paper-
one may refer to [6]. [6] and [17]comfortably surpass the prerequisites related to
decision making that is required to be able to understand the frameworks of
analyses developed here. An informative overall perspective of decision theory
can be found in [15]. State dependent utility functions from a more advanced
perspective are discussed in chapter 8 of [4].

The initial concern that led to the frameworks discussed in this paper is that,
Arrowian voting theory framework which is developed and extended in [17], does
not have anything to say about the role of negotiations in group decision making
and may therefore be very inadequate for our understanding of decision making
in society. Does decision making in society usually take place as in Arrowian
voting theory? How often are votes taken in board meetings to decide on crucial
matters? Perhaps “glib talk” and “staying power in negotiation” account more
than what we are willing to give them credit for, in arriving at a decision. In fact
colleagues in HR would point out that good leadership (at least in the corporate
sector) consists in getting everybody on board rather than scoring victories over
rivals. In view of this, slight extensions of voting models as models of individual
choice under risk may serve a useful purpose.

As mentioned earlier, the framework introduced here is an extension of the
seminal model of social choice theory developed by Kenneth J. Arrow. A decision
maker is faced with making a choice under probabilistic uncertainty (risk) in
which uncertainty is with regard to a future state of nature, which is realized after
the decision has been made. The decision maker is provided with (or aware of) a
data profile, which is a pair whose first component is a profile of state dependent
rankings over (the consequences) a non-empty finite set of alternatives and whose
second component is a probability distribution over a non-empty finite states of
nature. The probability distribution could be subjective, and the present author
is inclined to agree with such a view. A decision support system (DSS) or decision
aid is required to choose a non-empty “desirable” set of alternatives from which
the final choice has to be made. The decision aid or DSS has no bias in favour of
any one or more alternatives that it suggests. Such a decision support system is
called an extended choice correspondence, i.e. a rule which associates with each
data profile from a given set of data profiles a non-empty finite set of desirable
alternatives.
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The reason for our interest in state-dependent preferences are precisely the
same as the ones discussed in [6], i.e. it is so obviously true that it does not
need justification beyond citing trivial day-to-day examples as Karni has done
in his book. Heiner (in [5]) disagrees and says: “In this regard, recall Arrow’s
well-known definition of a state of nature as a description of the world so com-
plete that, if known, the full consequences from every action would be completely
specified. Note the plural here (consequences). Not just part, but all of the con-
sequences relevant to an agent’s welfare would be specified from knowing each
state. Not just watching a football game from the fifty-yard line, but also the
complementary sensations from rain or sunshine affect an agent’s enjoyment
from seeing game. Not just different wealth levels, but the physical ability to use
monetary wealth in particular ways affects an agent’s welfare. The issue here
is whether one should expand the dimensions of the outcome space to incorpo-
rate all welfare-relevant factors (as suggested by Arrow’s definition) or, instead,
restrict the dimensionality of the outcome space (for instance, to variations in
monetary wealth) and load all other welfare altering factors into the state space.
If the former is done, then there is no need to allow for state-dependent utility.
Which approach is more fruitful?”

Mercifully, general equilibrium has progressed much beyond where Arrow
and Debreu left it and that has been possible because both economic theorists
as well applied economists who have worked on the Arrow-Debreu model were
more concerned with the analytical structure of and mathematical developments
in general equilibrium than with hair-splitting the definition of a state of nature,
so as to render the model totally useless. Hence we can comfortably move ahead
with our understanding of state-dependent preferences as in [6].

The major justification for the frameworks and the investigation within them
that is presented in this paper is that the classical theory of decision making
under uncertainty that rests on the assumption of maximization of expected
utility (state-dependent or not) has an important limitation- i.e. the decision
maker’s preferences may not be available in the form of cardinal utility functions,
but only as rankings. That leads to a departure from the classical theory and
opens up the possibility of decision makers using other algorithms (decision aids)
for the purpose of decision making under risk. That is the line of investigation
pursued in this paper.

The framework of analysis with which we work here has been motivated
in [7]. For instance, consider an individual who before going out to work has
to decide whether to carry a hat or a raincoat along with him. His preference
between the two depends on the anticipated weather during that day. On a
rainy day he would prefer a raincoat to a hat and on a sunny day, his preference
between the two would be reversed. If the weather forecast for the day or his own
premonition suggests that there is a very high likely-hood of there being rain
during the day-particularly during the hours he has to spend commuting- then
he would be inclined to carry a raincoat along with him to work. On the other
hand if he thinks there is a strong chance of the day being “sun-shiny”, then he
might choose to carry a hat along with him to work. Related axiomatic analysis
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when the decision maker believes that the states of nature are equiprobable is
available in [8]. A full-fledged application using components of this framework
to prove the existence of “preferred with probability at least half winners” has
been provided in [9] and [10].

Here we begin by setting up the model for extended choice correspondences
and show that decision making under uncertainty with state-dependent pref-
erences fits into our framework. We illustrate the relevance of our model by
invoking a rather “easy” application related to covid-19. We next provide ex-
amples of extended choice correspondences. The equi-probable version of most
extended choice correspondences that we introduce here can be found in [18]. A
more comprehensive and complete survey of the related literature is available in
[1].

After that we proceed to discuss some decision rules introduced in [7]. Fol-
lowing suggestion by Professor Prasanta Pattanaik, we call the related extended
choice correspondences “state-salient rules”. Plausible examples of such rules are
those that choose the highest ranked alternative in a state of nature which has
the highest probability of occurrence. We provide (the suitably adjusted version
of ) an axiomatic characterization of state-salient rules due to Denicolo in [2].

Subsequently we discuss two important properties of extended choice corre-
spondences — the Probabilistic Condorcet criterion and the Probabilistic Ma-
jority criterion. The probabilistic Condorcet criterion says if an alternative is
preferred by a second alternative with probability greater than half, then the
first alternative is never chose. The equiprobable version of this property is a
major “mile-stone” in collective choice theory. We show that that neither the
probabilistic plurality rule nor the probabilistic run-off method satisfies the prob-
abilistic Condorcet criterion. The probabilistic majority criterion based on its
equiprobable version due to Professor Janez Zerovnik and available in [8]says
that if an alternative is preferred to all other alternatives with probability at
least half and is not preferred by any other alternative with probability strictly
greater than half, then the alternative is the unique one to be chosen. Thus, if
x is ranked above y with probability exactly half and if = ties with y even once,
then according to the probabilistic majority criterion, between z and y only
x will be chosen. We complete our comparison of the two axioms by proving
that if an extended choice correspondence satisfies the probabilistic Condorcet
criterion, then it also satisfies the probabilistic majority criterion.

Among all the extended choice correspondences we introduce, one- namely,
the Probabilistic Borda Rule- stands out as exceptional in a very specific sense
as pointed out by [19]. It is proved there, that in the equiprobable case, the
Probabilistic Borda Rule “maximizes the probability that a Condorcet” winner
is chosen. A more detailed study of this rule in the equiprobable case can be
found in [16]. The final section of this paper presents a complete axiomatic char-
acterization of the Probabilistic Borda Rule using just two axioms. The first is a
rather commonplace one- Anonymity- which says that the names of the states of
nature do not matter in determining the set of chosen alternatives. The second
is Maximal Coherence, which requires that the extended choice correspondence
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satisfies Coherence- a variant of a property by the same name introduced by
Professor Bruno De Finetti in his seminal work on the philosophy of probability
theory- and there is no other extended choice correspondence that satisfies Co-
herence and whose chosen sets invariably contain the chosen sets of the former.
Our version of Coherence says that corresponding to each alternative and data
profile there is an asset, priced at the expected rank score of the alternative at
the data profile (i.e. cardinality of the set of alternatives plus one minus expected
rank), such that some portfolio of assets in which no un-chosen alternative at the
data profile is bought yields a “sure-loss” (i.e. a loss in every state of nature).
A portfolio of assets that yields a “sure-loss” is also known as a Dutch book.
Thus, Coherence requires the non-existence of a Dutch book in an asset market
where each asset corresponds to a combination of an alternative and a data pro-
file priced at the expected rank score of the alternative at the data profile and
where no asset corresponding to an un-chosen alternative at the data profile, can
be bought.

2 The model and some examples of extended choice
correspondences

The following framework is a fairly close adaptation of the ones available in
[2]and section 2.2 of [3]. Consider a decision maker (DM) faced with the problem
of choosing one or more alternatives from a non-empty finite set of alternatives
X. Let ¥(X) denote the set of all non-empty subsets of X. For a positive integer
n>2,let N ={1,2,...,n} denote the set of states of nature. The satisfaction
from the chosen alternative is realized only after the state of nature reveals itself.

A preference relation/weak ranking on X is a reflexive, complete/ con-
nected/ total and transitive binary relation on X. Generally a preference relation
is denoted by R with P and I denoting its asymmetric and symmetric parts re-
spectively. If for 2,y € X, it is the case that (z,y) € R, then we shall denote it
by xRy and say that z is at least as good as y. Similarly Py is interpreted as
x is strictly preferred to y, and xly is interpreted as there is indifference between
z and y. Given a binary relation R on X, a non-empty subset Y of X and an al-
ternative z in Y the rank of (alternative) x at/by R among Y denoted rkY (z, R)
= cardinality of y € Y|yPz) + 1. Given z,y € Y where Y is a non-empty subset
of X and a binary relation R on X, x is said to be ranked higher (lower)
than y at/by R among Y if rkY (z, R) < (>)rkY (y, R).

Given a binary relation R on X and an alternative z in X, rkX(x, R) is
(for the sake of simplicity) denoted by rk(x, R). Let W denote the set of all
preference relations on X. We use W to denote the set of preference relations,
since a preference relation is what is generally known as a weak order. The
set of all anti-symmetric preference relations i.e. linear orders is denoted by L.
An anti-symmetric preference relation is referred to as a strict preference
relation/strict ranking on X.

A preference profile denoted Ry is a function from N to W. Ry is repre-
sented as the array (R;|i € N), where R; is the preference relation/weak ranking
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of the decision maker in state of nature i. The set of all preference profiles is
denoted W/ . The set of all functions from N to £ is denoted £V. Clearly £V
is a proper subset of W,
A domain is any non-empty subset of WV. We will denote a domain by R.
In what follows we shall denote vectors in RY by alphabets such as a, b, ¢, d
etc. and when there is need for us to be explicit about (say for instance) vector a,
we will write it as (a1, . . ., a,). RY denotes the set {a € RV |a; > 0 for all i € N}.
The DM’s beliefs about the possibility of the various states of nature being
realized is summarized by a probability distribution, i.e. p € Rf such that
Yo pi =1 Let PV denote the set of all probability distributions on N.
Given p € PV, the most likely states of p, denoted M L(p) = {j € N|p; > p;
Vi € N} and the support of p, denoted support (p) = {j € N|p,; > 0}. Note that
support (p) = M L(p) implies all states of nature in support(p) are equi-probable.
Any pair (Ry,p) € WY x PV is said to be a data profile. A feasible set
of probability distributions (about the future states of nature being realized) is
a non-empty subset of PV denoted Q. For whatever reasons, the DM’s beliefs
are restricted to belong to @, and it is often (not invariably) reasonable and/or
required that the probability distribution that assigns equal weight (i.e. 1/n) to
all states of nature is feasible, i.e. belongs to (). An extended choice corre-
spondence (ECC) on (the domain of the ECC) R x @ is a function f from
R x @Q to ¥(X) such that for each (Ry,p) € R x @, the decision maker chooses
an alternative from f(Ry,p). Note that the “domain of the ECC” R x @, is
different from the domain, which is R.

3 Decision making under uncertainty with state
dependent preferences: An application of extended
choice correspondences

Before proceeding with the analytics we show in this section the huge width and
scope of our framework to the extent that investigations based on the model of
decision making under uncertainty with state dependent preferences developed
in section 1.2 of [6], can be accommodated within our framework. For each state
of nature ¢ € N, let C(i) be a non-empty finite set of prizes (e.g. monetary gains
and losses, bar of chocolate, an ice cream cone, getting fired from a job etc.) and
let C = U;enC(i)

A consequence/uncertain prospects is a probability distribution over C.
Since C is finite such a probability distribution must have finite support. For
each i € N, let L(C(¢)) denote the set of all consequences with prizes in C(¢) and
let L = UleNL(C(Z))

An alternative/act is a function z : N — L such that for all i € N, z(i) €
L(C(4)).

For instance an act could be a state-contingent investment decision which
in each state of nature is an investment plan yielding gains and losses with a
known probability distribution. The above is the gist of the formal model in
section 1.2 of [6]. The interesting question is: how may these preference profiles
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arise? One obvious way is that the decision maker has preferences over conse-
quences/uncertain prospects, which may be generated by the expected utility of
the consequences, so that one consequence is preferred to another if and only if
the first has higher expected utility than the second. Given alternatives z,y € X,
we may define R; as follows: xR;y if and only if the expected utility of z(7) is
no less than the expected utility of y.

It is important to notice that the utility function for gains and losses may be
state-dependent and almost anything so long as it is increasing for gains, non-
increasing for losses and zero at zero, so that we are not restricted to a single
preference profile but have available a large class of such profiles.

Thus for each i € N, let U; = {u : C(i) — R|u satisfies “certain properties
specific to state of nature ¢”}, where we assume “certain properties specific to
state of nature i” are such that U; # ¢ and let R; = {R|R is a binary relation
on X satisfying the following property: there exists u € U; such that for all
x,y € X, xRy if and only if E(z(:)) > Eu(y(i))}.

Let R = [[;en Ri - Clearly R is a non-empty subset of WHN and hence a
domain worth considering.

Coupled with this is uncertainty over future states of nature. Hence, there is
uncertainty at two levels- first in the state of nature that will unfurl itself at a
future date, and second the one inherent in the consequences which are uncertain
prospects.

Given a feasible set of probability distributions over future states of nature-
Q- an extended choice correspondence f assigns to each pair (Ry,p) € R X Q, a
non-empty set of acts f(Rx,p) (for instance a non-empty set of state-dependent
investment opportunities- something like a non-empty set of options) from which
the decision maker would be choosing one.

To illustrate the above ideas consider the following example. Consider a de-
cision maker who is suffering from symptoms of flu, which may or may not be
early symptoms of Covid 19. He can either undergo an expensive test to find out
whether he is covid positive or covid negative. However, the test is not 100% ac-
curate. Based on available data there is evidence that for approximately 30% of
non-infected cases the test result turns out to be positive, and for approximately
40% infected cases the test result turns out to be negative. In case of a +ve test
result the DM would undergo compulsory and quite costly hospitalization with
a very high chance of recovery (particularly in the absence of co-morbidities).
In case of a —ve test result the DM would be immediately discharged, which if
the diagnosis turns out to be incorrect, would with very high probability lead to
death. What should the DM do?

In this example there are two future (unknown states of nature)-Infected (1)
or Not Infected (2)- and two alternatives — take the test (x) and not take the
test (y). Suppose, p; is the prior probability that the decision maker assigns to
being infected with covid. In this case, C(1) = C(2) = {+wve, —ve}.

Then z(1) is the uncertain prospect of being diagnosed covid +ve with prob-
ability 7/10 and covid —ve with probability 3/10, the implication of which is
recovering with probability close to 7/10 and not recovering with probability
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close to 3/10. In either case there is expenditure, which is higher if the test
result is +ve. y(1) is the uncertain prospect of not recovering with probability
close to one. Hence, it can be safely concluded that in state of nature 1, x is
definitely preferred to y by a reasonably well-off DM. Similarly, x(2) is the un-
certain prospect of being diagnosed covid +ve with probability 4/10 and covid
—ve with probability 6/10, the implication of which is recovering with probability
close to one but after incurring expenditure which is higher if the test result is
+ve. y(2) is the uncertain prospect of not recovering with probability close to
one and without incurring much expenditure.

In state of nature 2, the DM would definitely prefer y to x. Obviously, a
reasonably well-off DM will take a decision depending on what the value of p; is.
If py is very close to zero, he may skip the test; if not he may decide to take the
test. The DM’s perception of p; will depend on whether before falling ill he/she
has come in close contact of anyone who has tested covid +ve.

4 Examples of extended choice correspondences

Recall that given any non-empty subset Y of X, z € Y and binary relation R
on X, the rank of z (in Y') with respect to R denoted 7k (z, R) is equal to the
one plus the cardinality of {y € Y|yPz}.

Ezample 1. (Probabilistic plurality rule or the Most Likely Best Alter-
native Rule):

Let R ¢ WY. Given (Ry,p) € R xQ, let the probabilistic plurality score
of z at (Ry,p) denoted

pi, if{i € Nlrk(z,R;) =1} # ¢
PPlur-score((Ry,p), z) = { i€N|rk(z,Ri)=1
0, if {i € Nlrk(z, R;) = 1} = ¢

The Probabilistic plurality rule is the ECC on R x @ denoted PPlural
such that for all (Ry,p) € R X Q,

PPlural(Ry,p) = {x € X|PPlur-score((Rn,p), z) > PPlur-score((Ry,p),y)}
Vye X

The probabilistic plurality rule selects only those alternatives which have the
highest probability of being ranked first.

Ezample 2. (Run-off method):

Let R C LN. Given (Ry,p), let Y7 be the set of alternatives with least
plurality scores. If Y1 = X, the procedure stops. If Y] # X, let X; = X\Y; and
repeat the previous step on X1 instead of X with rk% (z, R;) for all z € X; and
rankings R;,7 = 1,...,n. Proceeding thus, we come to a least positive integer
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K such that all alternatives in X have the same probabilistic plurality scores
(which includes the case where Xk is a singleton). The Probabilistic Run-
off rule is the ECC on R x @ denoted PRun-off, such that for all (Ry,p) €
R x Q,PRun-off(Ryn,p) = Xk. Given z € X and any binary relation R on X,
we refer to the quantity [1 + cardinality of X - rk(x, R)] as the rank-score of
x at R and denote it by u(z, R).

Ezample 3. (Probabilistic Borda or expected rank optimizing rule):
Let R € WY. Given (Ry,p) € R x Q, let the Probabilistic Borda score
of x at (Rn,p) denoted

PBorda-score((Ry,p), x) = Z piu(z, R;)
i=1

The Probabilistic Borda rule is the ECC on R x @) denoted PBorda such
that for all (Ry,p) € R X @,
PBorda(Ry,p) = {x € X|Borda-score((Ry,p),x) > Borda-score((Ry,p),y)}
Vye X

The Probabilistic Borda rule can also be called the expected rank optimizing
rule, since

PBorda(Ry,p) = {z € X| > _pirk(z, Ri)Vy € X}

i=1

Thus the Probabilistic Borda Rule chooses those alternatives with the maximum
expected rank-score at (Ry,p).
For all data profiles (Ry,p) and = € X, let

I(z,Rn,p) = k € N|rk(z, Ri) > rk(z, Ry,) Vh € support(p)

i.e. the set of all worst states of nature for x at data profile (Ry,p).

Let worstrk(z, Ry, p) = rk(z, R;) for all i € I(z, Ry, p). worstrk(z, Ry, p) is
said to be the worst rank of x at (Ry,p). Given (Ry,p) X R x @ and = € X,
the probability of the worst rank of « at (Ry,p) denoted

PT’(I(SE,RN,]))) = Z Di

iel(z,RN,p)

Example 4. (Max-min or Pessimistic rule): Let R C £V and for each
(Rn,p) € R X Q, let

BestWorstrk(Ry, p) = {x € X|worstrk(z, Ry, p) < worstrk(y, Ry, p) Yy € X}

The Max-min rule is the ECC on R x @ denoted Mm such that for all
(RNap) €R X Qa

Mm(Ry,p) = {x € BestWorstrk(Rn, p)|Pr(I(xz, Ry,p)) < Pr(I(y, Ry,p))
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for all y € BestWorstrk(Ry,p)}

ie. Mm(Ry,p) is the set of alternatives with least total probability of se-
curing the best worst rank at (Ry,p). Research on issues related to Example 4,
but in an entirely different framework and from an entirely different perspective
is available in [14].

Example 5. (Max-max or Optimistic rule): Let R € LV and for each (Ry, p) €
R x Q,z € X, let bestrk(z, Ry, p) = rk(z, R;) for i € argmin rk(z, R;).
jEsupport(p)

For each (Rn,p) € R x @, let
BestBest(Ry,p) = {z € X|bestrk(z, Ry, p) < bestrk(y, Ry, p)Vy € X}

The Max-max rule is the ECC on R x @ denoted MM such that for all
(RNap) S R X Qa

MM (RN, p) = {x € BestBestrk(Ry,p)|Pr(I(z, Ry, p)) = Pr(I(y, R, p))
Yy € BestBestrk(Ry,p)}

i.e. MM (Rp,p) is the set of alternatives with greatest total probability of se-
curing the best “best” rank at (Ry,p).

Note: In the context of decision making uncertainty with pre-specified proba-
bilities with which the states of nature occur, the decision maker does not enjoy
the privilege of assigning probabilities to the best and worst states of nature
corresponding to an alternative. Thus the Hurwicz pessimism-optimism criteria
is not easy to accommodate in our framework.

5 State salient rules

In this section we discuss some decision rules introduced in [7]. An ECC f on a
domain R x @ is said to be state-salient for p € () between a given pair of
distinct alternatives at state of nature i, if regardless of the state-dependent
preference profile in R, the alternative in the given pair that is ranked inferior
of the two in state of nature 4, is not chosen. Thus, if the two alternatives are x
and y and if it is the case that (a) if = is ranked above y in state ¢, then y is not
chosen regardless of the rankings in other states of nature, and (b) if y is ranked
above z in state ¢, then z is not chosen regardless of the rankings in other states
of nature.

An ECC f on a domain R x @ is said to be state-salient for p € Q at a
state of nature i, if it is state salient for p € @ between every pair of distinct
alternatives at state of nature i.

An ECC f on a domain R x @ is said to be a state-salient rule (S-SR), if
for all p € @ there exists a state of nature ¢ (possibly depending on p), such that
F is state salient for p at state of nature i. An important and realistic example
of an S-SR is the maximum likelihood state rule (as opposed to the maximum
likelihood alternative rule, discussed in example 1).
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An ECC f on a domain R x @ is said to be a maximum likelihood state
rule (MLSR) if for all p € @ there exists a state of nature ¢ such that pi > pj
for all j € N\{3} (i.e. i C argmax{p;}) and further for all Ry € R and z,y € X:

JEN

xPiy implies y € F(Ry,p). In this case i is said to be a most likely state
of nature (MLS) for p. The version of MLSR when state-dependent rankings
are represented by state-dependent evaluation or utility functions is available
on page 74 in chapter 4 of [12]Junder the name “maximum likelihood criterion”.
The same is also defined and discussed under a different name — “modal outcome
criterion”- on page 429 (section 9.4.2) of [11]. However as correctly observed by
several authors, using this criterion in a situation where several states of nature
exist, with probability of occurrence nearly or exactly equal to the probability
of occurrence of a most likely state of nature, may lead to serious mistakes.
A problem with MLSR that ought to be taken note of is that it may depend
totally on extremely unlikely events leading to absurd conclusions. Thus suppose
there are two alternatives z,y, 99 states of nature with the first state having a
probability of 1/50 and the remaining 98 each having a probability of 1/100.
Suppose that in the first state of nature we have x preferred to y and in the
remaining y is preferred to . Then MLSR will select x and not y, though there
is a 98% chance that y will be preferred to z. An ECC f on a domain R X Q
is said to satisfy the Weak Dominance Criterion (WDC) if for all z,y € X and
(Rn,p) € R x Q: [xPiy for all i € N] implies [y ¢ F(Rn,p)].

This criterion is available and discussed in [7].

The following criterion is one based on a more general property in [2]. An
ECC f on a domain R x @ is said to satisfy Independence of Irrelevant
Alternatives in the sense of Denicolo (D-ITA) if for all Ry, Ry € R,p € Q
and z,y € X with ¢ # y : [Ri|lz,y = R}|z,y for all i € N,z € f(Ry,p) and
y ¢ f(Rn,p)| implies [y ¢ f(Rly,p)].

An ECC f on a domain R is said to be resolute if for all (Ry,p) € R X @,
f(Rn,p) is a singleton.

The following result is based on one a theorem due to Denicolo in [2].

Theorem 1. A resolute ECC on LN satisfies WDC and D-IIA if and only if it
is any resolute S-SR on LN .

6 The Probabilistic Condorcet and Probabilistic Majority
criterion

In this section we discuss two important properties of ECC’s.
An ECC f on a domain R x @ is said to satisfy Probabilistic Condorcet
criterion if for all (Ry,p) € R x Q and z,y € X:

Z Di > Z pi| = y & f(Bn,p)

{ieEN|zP;y} {iEN|yP;x}
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Observation 1 : It is easy to see that neither the plurality rule nor the run-off
method satisfies the Probabilistic Condorcet Criterion and may hence considered
to be wanting in some respect. To illustrate this, consider N = 1,2,3, X =
x,y,x, v PiyPz, zPoyPox and yPszPsx.

1 1
Let € > 0 be a sufficiently small real number such that 1 > 3 +e > 3 >
1

1 1 1
§—€>0.Letp1:§—|—e’p2:§andp?’:g_e

The winner set for the plurality rule is {} and for the run-off method it is

1 1 1
{z} ife>6, {z,z} ife:éand {z} ife<6.

1
However, if € < —, then by the Probabilistic Condorcet criterion the winner

set is {y}. This result agrees with the Borda rule in this particular situation.
An alternative criterion based on one due to [8]is the following. An ECC f on
a domain R X @ is said to satisfy the Probabilistic Majority criterion if for all
(Ry,p) ER X Q and x € X:

and Z D > 1 = [f(Rn,p) = {z}].

1
Pi=75 2

{ieN|zPyVye X\{z}} {iEN|zR;yVyeX}

Proposition 1. If an ECC satisfies Probabilistic Condorcet criterion then it
satisfies the Probabilistic Majority criterion. However, the converse is not true.

Proof. Let f be an ECC on a domain R x ) that satisfies Probabilistic Condorcet
criterion.

Let (Rn,p) € R x @ and suppose z € X satisfies

> pi >1/2 and > pi>1/2

{ieN|zPiyVye X \{z}} {ieN|zR;yVye X}

Let z € X\{x}.
Since

> pi >1/2,

{ieN|zR;yVyeX}
it must be the case that

Z pi >1/2

{teN|zR;z}

Thus,

Z p1;<%§ Z Di

{teN|zP;z} {ieN|xP;z}
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By Probabilistic Condorcet criterion, z € f(Ry,p). This being true for all
z € X\{z} and since f(Ry,p) # f, it must be the case that f(Ry,p) = {z}.
Thus f satisfies the Probabilistic Majority criterion.

To show that the converse need not be true, consider the Plurality rule. It is
easy to see that the Plurality rule satisfies the Probabilistic Majority criterion.
Let X contain at least four alternatives z,y, z,w and let N = {1,2,3}. Suppose
that:

1. R; ranks z uniquely first, w uniquely second, y uniquely third, z uniquely
fourth and then rank the rest (if there be any) in any arbitrary ways (allowing
for ties).

2. Ry ranks z uniquely first, w uniquely second, x uniquely third, y uniquely
fourth and then rank the rest (if there be any) in any arbitrary ways (allowing
for ties).

3. Rj3 ranks y uniquely first, w uniquely second, z uniquely third, x uniquely
fourth and then rank the rest (if there be any) in any arbitrary ways (allowing
for ties).

Then for any p € Q with p; < 1/2 for all s € N, Plural (Ry, p) is a non-empty
subset of {z,y, z} although for all 2’ € X\{w},

> pi>%> > w

{ieN|wP;z"} {teN|z' Pyw}

Thus the Plurality rule violates the Probabilistic Condorcet criterion. Q.E.D.

7 An axiomatic characterization of the Probabilistic
Borda Rule

Recall that given x € X and any binary relation R on X, [1 + cardinality of
X — rk(z, R)] is the rank-score of = at R and denote it by u(x, R). A domain
R is said to satisfy closure under permutation if for all Ry € R, i,j € N
and Ry € RN : [R, = R} Vk € N\{i,j},R; = R, R; = R]] = [R)y € R].
The properties we invoke for our axiomatic characterization of the Probabilistic
Borda Rule are not very unusual and seem plausible in the context of our anal-
ysis. However, before we proceed with the axiomatic characterization we need
a few more concepts which we introduce here. Given R x ) an asset mar-
ket associated with R x @) is a market where assets indexed by elements in
R x @ x X can be transacted such that the net return from one unit of the
asset (Ry,p,z) € R x Q x X in state of nature ¢ is p;u(z, Ri) to a buyer and
—p;u(x, Ri) to a seller.

A portfolio in an asset market associated with R x @ is an array of non-
negative real numbers (B(Ry,p,x)| € R x Q x X) such that if 3(Ryx,p,z) >0
then B(Ry,p,z) indicates the number of units of asset (Ry,p,z) bought and
if B(Ry,p,x) < 0 then -B(Ry,p,x) indicates the number of units of asset
(RN, p,x) sold.
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A Dutch Book or Sure Loss based on f is a portfolio of assets
(B(Rn,p,x)] € R X Q x X) transacted in the market associated with f such
that:

1. B(Rn,p,x) <0 for all x € X\ f(Rn,p),
2. For all i € N:

{(BRn,p,x):z€f(RN,p)}

> B(Rw,p, x)piu(z, Ri) <0
{(Rn.p,x):z€X\f(RN,p)}

The following definition is related to the main concept introduced by Profes-
sor Bruno De Finetti in his seminal contribution to the philosophy of probability
theory dated 1931.

An ECC f on R x @ is said to satisfy Coherence (or be Coherent) if there
does not exist a Dutch Book based on f.

Trades such as ones implied by a portfolio (B(Ry,p,z)] € R x Q x X)
transacted in the market associated with f such that S(Ry,p,x) < 0 for all
x € X\f(Rn,p), should be voluntary for the decision maker, since the assets
bought correspond to alternatives from among those that are chosen and all
un-chosen alternatives correspond to assets that are sold, each such asset being
priced at their state dependent expected returns given by the rank-score of the
corresponding alternative u(., .) and nothing could be worse than a sure loss from
such a portfolio regardless of the state. Coherence is the minimal requirement
that such gross inconsistencies should not occur. We require a slightly stronger
property for the axiomatic characterization of the Probabilistic Borda Rule. An
ECC f on R x @ is said to satisfy Maximal Coherence (or be Maximally
Coherent) if it is Coherent and there does not exist any other Coherent ECC
gon R x @ such that f(Ryx,p) C g(Rn,p) for all (Ry,p) € R X Q.

The following property is very intuitively appealing- the names of the states
of nature do not matter.

An ECC f on Rx@Q is said to satisfy Anonymity if (Ry,p), (R)y,q) € RXQ
and i,j € N:

(R = Rj,pr = @Vk € N\{4,j},R; = R}, R; = Rj,pi = q¢j,p; = ;] =
[f(Ry,q) = f(RN,p)].

Now we present our main result of this section.

Proposition 2. Let R C LV satisfy closure under permutation and Q = PN N
RL An ECC f on R X Q is the Probabilistic Borda Rule if and only if f satisfies
Mazimal Coherence and Anonymity.

Proof. 1t is easy to see from the definition of the Probabilistic Borda Rule that it
satisfies the desired property. Suppose f on R x @) satisfies Maximal Coherence
and Anonymity. We will show first show that there exists p € Py such that for all
n
(Rn,p) € RXQ, f(Ry,p) = argmax Y mp;u(z, R;), then appeal to Anonymity
zeX =1
to show that m; = 7; for all 4,57 € N.
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n
Suppose there does not exist m € R’} satisfying ) m; = 1 such that for all
i=1
(Rn,p) € R x Q,z € f(Ry,p) and y € X\{x} it is the case that

Zm‘pi[u(fﬂv R;) —u(y, Ri)] = 0.
i=1
Thus, the system of linear equations

> mpilu(, Ri) = uly, Ri)] = 2(Ry.p,x,y) = 0,z € f(Ry,p)y € X\{z}, (Ry,p) € R x Q,
i=1

iﬂ}; =1
i=1

does not have any non-negative solution in 7; fori = 1,...,nand z(Ry,p, z,y)
where & € f(Rn,p), y € X\{z}, (Rx,p) € R x Q.

By Farkas’ Lemma there exist real numbers A\(Ry, p, z, y) for each (R, p, z,y)
where z € f(Rn,p),y € X\{z}, (Rn,p) € R x Q and a real number X such that

{(Bn.pzy)|z€f(RN,p),yeX\{z}}

fori=1,...,n

_)\(RN7paxay) S 07 V<RN7P7=T7y) where x € f(RNap)7y € X\{$}7 (RN7P) S RXQ7
and A > 0.

Thus, there exist real numbers A(Ry,p,x,y) for each (Ry,p,x,y) where
x € f(Rn,p),y € X\{z},(Ry,p) € R x @, and a real number X such that

> ARy, p, x, y)pifule, Ri) — uly, Ri)] < =X <0
{(BNn.pyzy)|z€f(RN,p),y€X\f(RN,p)}

fori=1,...,n

)‘(RNap7I7y) > Oa V(Rvaa‘Tay)v where z € f(RNap)vy € X\{I’L (RNap) € RXQ
For each (Ry,p,z) € R x Q x X, let

6(RN7P’$) = Z A(RN7p7xay) - Z A(R]V)p7yax)7
yeX\{z} yEf(Rn,p)\{z}
if x € f(Rn,p), and
/B(RNap7x):7 Z A(RJ\Upayaz)v

yeEX\f(RN,p)
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ifx € X\f(RN,p).

Clearly S(Rn,p,z) <0 for all (Ry,p,z) € RxQ x X withx € X\ f(Rn,p).
Further, S(Ry,p,x) > 0 implies z € f(Ry,p), though the converse need not be
true.

Also, fori=1,...,n

{(Rn.,p,x):z€f(RN.p)}
Z B(RN7pa x)plu($7R2) < 07

{(RN,p,z):z€X\f(RN,p)}

Thus, the portfolio (B(Ry,p,x)| € R x @ x X) is a Dutch Book based on f,
contradicting the assumption that f satisfies Coherence.

Thus, there exists 7 € P such that for all (Ry,p) € R x Q, z € f(Rn,p)
and y € X\{z}, it is the case that

i=1
Thus, there exists 7 € PN such that for all (Ry,p) € R x Q,

f(Rn,p) C argmax Z mipiu(x, R;)

re€X G4

Let g be the ECC on R x @ such that for all (Ry,p) € R x Q,

n
g(Rn,p) = afgmaxzﬂipiu(xa R;)
reX =1

By Farkas’ Lemma, ¢ is a Coherent ECC such that for all (Ry,p) € R x Q,

f(Bn,p) C g(Rn,p)

Since f satisfies Maximal Coherence on R x @, it must be the case that for
all (Ry,p) € R x Q,

f(RN7p) = g(RNap) = argmaxz Wipiu(% Rz)

reX i—1

Suppose there exists ¢, 7 € N such that m; # 7; and

n
z € f(Rn,p) = argmaXZwkpku(z,Rk)
zeX 1
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Let y € X. Thus,

n n
Z mrpru(z, k) > Z Trpeu(y, k
=1 im1

Let Ry € R and ¢ € @:
(Rl 1 =ReVE=1,....n—1, R = Rp,qpp1 =prVhk=1,...,n—1,q1

31

= pn]'

By repeated application of Anonymity we get f(Ry,q) = f(Rn,p). Thus,

z € f(R)y,q) and so

Z Trgpu(w, By) > Z Tearu(y, 1y)

k=1 i=1
Thus,

x € argmaxZwkpku z, R}.)
2€X ko

For j € {1,...,n}, let i(j,1) = j and for k € {2,...,n}, let

G, k) j+k—1, ifj+k1<n
7 ) = . . .
j+k—1—n, ifj+k-1>n

By repeating this argument finitely often we get that for all j € {1,...

n
Zﬂ-z(] wpru(T, Ry) > Z i(G,k) Peu(y, Ri)
k=1 =1

Adding all the inequalities we get

n

n
Z Zﬂ-z(] k) pku x Rk)

k=1 [

n

Zm(j,k) pru(y, R)
1 \j=1

M:

But mem =1forallke{1,...,n}
j=1
Thus,

> pru(z, Ri) = > pruly, Ri)

k=1 =1

This being true for all z € f(Ry,p) and y € X, we get

J(Rn,p) = argmaXZwkpku z,Ri) C argmaprku z, Ry)
zeX h—1 zeX 1
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Towards a contradiction suppose

argmaprku z, Rk)\argmaXZWkpku z,Rp) # ¢
€X 4 €X 4

Let

T e argmapr;gu z, Rk)\argmaXZWkpku z, Ry)
zeX b1 zeX b1

and

y € f(Rn,p) = argmamepku z, Ri)
zeX b—1

Thus, « ¢ f(Rn,p)
By repeated application of Anonymity we get, that for all j € {1,...,n},

Zm(] wypru(z, Ry) > Zﬂz(g oy Pru(y, Ri)
k=1 k=1

Adding all the inequalities and applying

S i = 1for all k € {1,...,n},
j=1

we get

> peuly, Ri) > Y prula, Re)

k=1 i=1

n
contradicting our assumption that = € argmax > pru(z, Ry)
zeX k=1

Thus,

f(RN p) = argmaprku x, Ry)
zeX T

Q.E.D. O
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