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Abstract. In this paper, we propose a case study based on the Ital-
ian unisex mortality experience. By means of a backtesting analysis, we
show that five selected stochastic mortality models are overly pessimistic
about mortality across post-retirement ages, and over different forecast-
ing horizons. Furthermore, we estimate some financial consequences of
mortality overprediction, in relation to actuarial and economic measures
that are intrinsically based on longevity forecasts.
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1 Introduction

Over the last decades, several countries have performed progressive and substan-
tive pension reforms, involving modification of pension system rules and param-
eters; e.g., see [18] in relation to the European Union Member States. Population
ageing and the financial consequences of economic crises have contributed to the
need for such changes. One of the key goals of the evolving pension paradigms
concern the “adequacy” of retirement benefits for pensioners and the “finan-
cial sustainability” of such benefits for pension providers and governments. In
this context, the definition of a new balance between private and public pension
schemes is prominent. Furthermore, individuals are becoming more responsible
for retirement planning and thus more active players with respect to saving and
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investment choices in their working years and wealth decumulation afterwards
([47]).

Longevity insurance products, such as annuities, can provide retirement in-
come, while protecting individuals against longevity risk and old-age poverty.
The related actuarial valuations, such as, for instance, pricing and reserving,
require to forecast the mortality profile of annuitants. One of the most deployed
approaches to forecast mortality rates relies on extrapolative models, that deduce
information about age patterns and underlying mortality trend from the past
data and convey this information to the future through stochastic time series
methods ([8]). Examples, in this respect, are represented by the Lee-Carter model
([36]) and the Cairns-Blake-Dowd (CBD) model ([15]), that are relatively sim-
ple in their predictor structures, and by their extensions. Extrapolative models
implicitly assume regularity between the past and the future. This aspect makes
the user’s judgement relevant, in that a proper choice of the mathematical for-
mulation and of the length of the fitting horizons can lead to some important
targets of longevity modelling, such as adequate smoothness and shape of future
mortality trends ([60, 38]), along with plausible predicted levels of uncertainty
of mortality forecasts across ages ([14]). Nevertheless, predicting the changing
pace of the downward mortality trend over time has been challenging. Indeed,
it is empirically verified that longevity improvements have been consistently
underestimated, and thus mortality rates overestimated. Furthermore, a recent
slowdown in mortality improvement rates has been observed in many developed
countries since 2010, particularly at ages over 50 ([21]).

In this paper, we aim to examine the financial implications of overly pes-
simistic mortality forecasts on actuarial measures related to life annuities.

A first aim of the paper is to address the systematicity of mortality over-
prediction across post-retirement ages, and over different forecasting horizons.
Such an attitude is investigated through a backtesting analysis of five stochastic
mortality models and of their forecasting performance, relative to the Italian
population. A second research objective relates to the consequences of mortality
overprediction on the valuation of life annuity contracts. In respect, we measure
the financial impact of biases in mortality forecasts on annuity expected present
discounted values in the backtesting framework set out for models’ fitting and
forecasting. Furthermore, we give sense of the extent by which the mortality
forecasts from different mortality models should be “optimistic” to mimic the
mortality profile expected for annuitants, in terms of quantiles of the distribu-
tion of forecasted mortality rates. In the remainder of this Section, we outline
the research steps presented in the paper and highlight the related outcomes.

We design a case study based on the Italian unisex mortality experience,
aiming to estimate to which extent selected extrapolative mortality models over-
estimate mortality and to study the persistence of such an attitude over time, by
means of a backtesting strategy with rolling windows of data. The stochastic mor-
tality models under study are: the Lee-Carter model, the Renshaw-Haberman
model ([55,27]), the age-period-cohort (APC) model ([20]), the Cairns-Blake-
Dowd model and the M6 model ([16]). Furthermore, we estimate some financial
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consequences of mortality overprediction, in relation to actuarial and economic
measures that are intrinsically based on longevity forecasts. Our examples relate
to the actuarial value of annuity contracts and cover also their actuarial fair-
ness, namely the value that the contract provides to the annuitant. The annuity
contract in our example case is set in different time frames, according to the ex-
amined forecasting horizon, and provides payouts between ages 66 and 100. The
availability of observed mortality rates allows to portray the realized mortality
profile of the annuitant and thus to capture how the overprediction of mortality
rates across the ages involved in the contract impacts on the assessment of the
insurer’s liabilities. Depending on the mortality model, overpredicting mortality
translates into an underestimation of the expected present value of the annuity
payouts from around 5% (APC) to around 16% (MG6), on average over time. This
evidence sheds light on some relevant consequences: besides the underestimation
of the longevity risk associated with the annuity from the insurer’s perspective,
the introduction of biases in those measures designed to measure the actuarial
fairness of an insurance contract. For instance, the money’s worth ratio (MWR)
is the ratio between the expected present discounted value of annuity payments
(EPDV) and the premium cost of the annuity ([45,43]). The two values that
are compared against each other may rely on different approaches to forecast
mortality; for instance, they may result from the adoption of different math-
ematical formulations and different underlying data from statistical offices, on
one side, and insurance companies, on the other one. Such different choices can
highly affect forecasting outputs. Accordingly, measures similar to the MWR
may incorporate, to some extent, models’ (in)abilities to capture mortality im-
provements over time, and thus may provide biased estimations of the magnitude
of actuarial fairness.

In this paper, we adopt a similar rationale to the one underpinning the MWR
and we propose a measure we denominate “mortality scenario gap (MSG)”. Such
indicator is a ratio between two actuarial values for the same annuity contract.
MSG expresses in the numerator the expected present discounted value of the
annuity based on the mortality forecasts for the general population obtained
from stochastic models, according to a given quantile of the distribution of the
simulated mortality rates. In the denominator, it expresses the expected present
discounted value of the same annuity contract, but based on the mortality rates
from annuitants life tables. MSG thus serves as a rule of thumb to measure
to which extent the mortality forecasts for the unisex general population, as
obtained from different mortality models, should be “optimistic” to reflect the
mortality outcomes expected for annuitants. In this respect, we adopt the Lee-
Carter and the APC models to obtain mortality forecasts for the Italian unisex
population and we use the mortality rates from Italian annuitants life tables
known as A62I ([1,2]), that derive forecasts from methods based on the Lee-
Carter model, as adopted by the Italian National Institute for Statistics. This
allows us to filter out partially the effects of prediction biases from different mod-
elling approaches. We find that accounting for anti-selection effects, according to
the A62I life tables, is almost equivalent to assume that future mortality rates
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will realize according to a low mortality scenario (2.5% quantile of the distribu-
tion of simulated mortality rates) for a population in which the share of male is
dominant (80%), based on the projections provided by model APC. Indeed, for
this specific case, the mortality scenario gap attains a value of 0.99.

The paper is organized as follows. Sections 2 and 3 describe the mathematical
framework and the empirical methodologies, including the backtesting strategy
and the methods for mortality models’ fitting and forecasting. Section 4 de-
scribes the assessment of models’ forecasting performance. Section 5 addresses
the implications of mortality overprediction on annuity valuation and discusses
the mortality scenario gap. Section 6 concludes.

2 Mathematical framework

2.1 Notation and notions

We use notation and basic notions of actuarial mathematics in life insurance
and pensions as in [49]. Throughout the paper, we define x as the age of the
individual and we denote by t the calendar year spanning from time ¢ to time
t+ 1. ¢ =t — x denotes the year of birth of the individual.

Deaths and exposed to risk

dy: denotes the number of deaths observed between time ¢ and ¢+ 1 among the
people aged z in year ¢, and E7, expresses the central exposed to risk at age
x in calendar year t, that is generally approximated by the average number of
individuals with age in the interval (z,x + 1) between times ¢t and ¢ + 1. When
only data on the central exposed to risk are available, an approximation of the
initial exposed to risk is given by E, ; ~ E;wt + %dm.

Fundamental definitions based on the random residual lifetime
Let {T,;x > 0} be random variables defining the random lifetime of individuals
aged x. For instance, let Ty denote the random lifetime, measured in years, of
a newborn. The probability distribution of Ty can be used to determine the
probability distribution of any T3, by conditioning on the event of survival to
age x:

T, = (TO — .’17)|T0 > x.

Based on the cumulative distribution function of T, we can define ¢, .,
namely the one-year mortality rate. It expresses the probability that an indi-
vidual aged z at time ¢ dies between time ¢ and time ¢ + 1, and thus before
reaching age x + 1. Given the definition of the random lifetime T, ¢, + can be
expressed as a conditional probability:

ot =PIy <1)=P(Tp <z +1|Tp > x). (1)

Dz, the one-year survival rate, defines the probability that an individual
aged x at time ¢ survives age x + 1. Based on the definition of the random
lifetime, p,; can be expressed as the following conditional probability:
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Pet =PIy >1)=PTy>z+1To >x)=1— gy, (2)

As shown in equation 2, p,; and ¢, are probabilities of complementary
events, and thus add up to 1.

For any integer k, based on relations between actuarial measures, the prob-
ability for an individual aged x at time ¢ to survive further k years is obtained
as the product of the one-year survival rates characterizing the individual from
age r in year t to age t+ k — 1 in year t + k — 1:

kPzt = P(Tp > k) = P(To > x + k|To > &) = Doyt - Dati,t41 " Path—1,t4k—1-

3)

Fundamental definitions based on the force of mortality
A further measure of mortality is the force of mortality p ¢, that is the instan-
taneous death rate for an individual aged x at time ¢, as follows:
. Azt
= lim ——~ 4
S v @)
where azq. ¢ denotes the probability for an individual aged x to die in the interval
[x,2 + Az]. For Az small, this probability is proportional to the amplitude Az
of the interval, according to the coefficient pi, ¢.

AxQet = /Lx,tAx- (5)

Throughout the paper, consistently with [16] and further contributions in
the actuarial literature, we assume that the force of mortality remains constant
within each year of integer age and each calendar year. As stressed in [19],
this assumption has two main implications. In first place, it allows to state the
relationship between the force of mortality p, : and the one-year mortality rate
Gzt as follows:

Gzt ~ 1 — exp(— o), (6)
In second place, if we regard the number of deaths as a random variable
(Dgy,t), then D, ; can follow a Poisson (P) distribution conditionally on fig ¢
Dw:t ~ P(E;,tﬂz,t),

with ]E(-D:E,t/Egyt) = Uz t-
Following this relation, D, can follow alternatively a Binomial (B) distri-
bution conditionally on g, ;:

Dac,t ~ B(Ex,th,t); (7)
with E(D$7t/El7t) =zt
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Accordingly, the maximum likelihood estimates (MLEs) of g, ; and p, ; are,
respectively:

~ _ dm,t

,u'z,t - E;)ta (8)
dm t

Az pr— 2 9

Gt =g, 9)

fiz,¢ is also known as central mortality rate and denoted by m ;. Following the
relation in Equation (6),

Gzt = 1 —exp(—my ). (10)

Term life annuities: actuarial measures

In this paper, we consider life annuities that are paid in arrears, namely life
annuities that offer a stream of unitary amounts that would be paid at the end
of each year during the policy duration provided that the annuitant is alive.
We focus on term life annuities and denote by n the maximum number of years
for which annuity payouts can be received by the insured. x is the age of the
insured at the time of the annuity issue ¢. The expected present discounted value
(EPDV) of such annuity is given by:

n

tapm = Y _(L+1)" wpu, (11)
h=1

where ¢ denotes the interest rate being the technical basis.

2.2 Mortality models

[16] perform a quantitative comparison of eight stochastic mortality models to
describe and explain the evolution of mortality rates. The models they consider
are represented according to one of the following structures:

log may =y BV, (12)
N i

logit g =Y BVEA ), (13)
where logit gz + = loglz"T‘;t.

In Equations (12) and (13), functions 69 describe age-related effects, k‘gi)

express period-related effects, and 'y((z)_m)
Within our study, we use the following models within the family of generalized
Lee-Carter models: Lee-Carter(LC) ([36]), Renshaw and Haberman (RH) ([27]),

and age-period-cohort (APC) ([20]). Furthermore, we use Cairns-Blake-Dowd

describe cohort-related effects.
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(CBD) model ([15]) and one of its cohort-based extension known as M6 model
([16]). The respective model structures are reported in Table 1.

We thus select the most basic model structures, LC and CBD, and consider
simple extensions that add only a function to reflect cohort-related effects, with-
out a corresponding age modulating parameter to be estimated.

As to LC, ﬂg(cl) describes the age-specific general shape of mortality. The
age/period term, 5&2)1@?), consists of a time index kim that captures the over-
all mortality evolution over time and an age function ﬂg(f) that modulates the
temporal change in the level of mortality across ages.

We consider a substructure of the Renshaw and Haberman (RH) model which
was proposed by [27], in which the age modulating term for the cohort effect is set
equal to 1. The considered RH model differs from LC only by the presence of one
cohort function, *y((f’lm), that determines the lifelong effects for each generation,
identified by the year of birth ¢ — x. A further substructure of RH model we
use is the so-called age-period-cohort (APC) model, where both age modulating
parameters (for the time index and for the cohort effect) are set equal to 1.

CBD model incorporates two time-varying functions, k;t(l) and kf"), allowing
to capture the imperfect correlation in mortality improvements at diverse ages.
The intercept k,gl) expresses the general level of mortality in year ¢ and affects
mortality dynamics in the same way at all ages. The influence on mortality rate
dynamics exerted by the slope, kf@, is modulated by a pre-specified parametric
function of age, x — Z, where T is the average age in the considered sample range.
(i)

All models, except for CBD, require a given number of constraints for iden-
tifiability, see [16, 19].

One of the key features of the mortality models under study is that they
can be projected stochastically so that to obtain probabilistic forecasts of future
mortality rates. This can be done by using time series methods to forecast period
and cohort functions, as explained in more detail in Section 3.2.

Compared with CBD model, M6 incorporates one cohort function, -y

Table 1. Structures of the mortality models implemented in the study

Model ‘ Formula
Lee-Carter (LC) logit gz, = Bg(;l) + Bf)k?)
Renshaw-Haberman (RH) | logit g+ = 553) + ,63(02)%2) + %@w

Age-period-cohort (APC) | logit gzt = 4 kt@) + ’yt(i)z
Cairns-Blake-Dowd (CBD) | logit ., = k" + k) (z — z)
M6: CBD + cohort effect | logit gz+ = /ct(l) + kt(2)(:c — )+ A®

t—x
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3 Empirical methodology

3.1 Data and backtesting strategy

We use the data from the Human Mortality Database ([31]), relative to the
exposed to risk E7 ; and the deaths d, ; among the total Italian population from
1906 to 2020, so that to select the most reliable time span of data. Data are
available for ages 0-1104.

Within our study, we aim to shed light on some stylized features of the fore-
casting behaviour of the mortality models we consider, namely an attitude that
is consistently verified, independently on the specific time horizon over which
forecasts are made. This allows to understand commonalities in the forecasting
behaviour that turn out to be general, since systematically verified beyond the
choice of a given time horizon for calibrating the models and forecasting them.
The analysis provides also evidence on the mortality model in our sample that
provides the most accurate forecast of the mortality pattern from age 65 to age
99 for the Italian total population. Our case study focuses on annuity contracts
providing benefits from age 66 and with duration 35 years. As stressed by [50],
the life annuities offered in the markets may be characterized by different policy
conditions that relate also to different time frames, with respect to both the ac-
cumulation and payment phase. The results shown in this paper are not strictly
depending on the chosen time frame for the annuity payouts. Indeed, the pol-
icy duration defines only the length of the time horizon over which we obtain
forecasts.

The methodology we use relies on backtesting strategies.

‘We make use of a backtesting strategy with fixed-length windows rolling one-
year-ahead through time; see for instance, [22,41,4]). Such a strategy employs
lookback windows to calibrate the mortality models on the observed data, and
lookforward windows to forecast the models and test their performance against
realized mortality.

As already mentioned, our case study focuses on annuity contracts with du-
ration 35 years. Accordingly, we allocate 35 years of data to the lookforward
windows. Coherently, we use lookback windows made up by 70 years of data,
in such a way to reserve two thirds of the data to the fitting and one third of
the data to the assessment of the models’ out-of-sample performance, according
to a rationale that has already been employed in the literature, for instance in
[4]. Overall, by exploiting the whole data sample we have available, we can im-
plement the backtesting procedure over eleven time horizons. The first lookback
window spans calendar years from 1906 to 1975 and the respective lookforward
window extends from 1976 to 2010. The last lookback window is made up by
calendar years 1916 up to 1985, and the respective lookforward window spans
the time period 1986-2020. In what follows, in line with the state-of-the-art, we
define the first year of the lookforward window “stepping off year” ([22]).

In the second stage of the analysis, we perform model forecasting over a
random future time horizon, 35 five years-ahead from 2020, based on the fitting
to the 70 more recent years of data. In this context, we design a practical case
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study aimed to further discuss the possible implications of mortality models’
forecasting behaviour on measures based on the annuity values.

3.2 Models’ calibration and forecasting

We calibrate and forecast the stochastic mortality models under study in the
R software environment (https://www.r-project.org/) through the package
StMoMo ([58]), which provides specific tools for stochastic mortality modelling,
in the framework of generalized age-period-cohort models. The models can be
defined by specifiyng the respective features, relative to the link function, the
predictor structure, and the set of parameter constraints, or by using the prede-
fined commands. The parameter estimation is performed through maximization
of the log-likelihood function based on the assumption that the distribution for
the random number of deaths D, ; is Binomial conditionally on ¢, ¢, as specified
in Equation (7). We thus target the mortality rate ¢, with a logit link func-
tion. The central mortality rates m,; are then obtained according to formula
(10). The fitting function requires as input matrices of deaths d, ; and initial
exposed to risk E, ;. We select data relative to the integer ages x in the interval
[50 — 99], while the calendar years vary according to the specific lookback win-
dow. As explained in the previous section, lookback windows roll one-year ahead.
Accordingly, each lookback window contains the same data as the previous one
except for the first and the last data point. Such procedure allows to update
the calibration sample and base the parameter estimation on progressively new
data.

Both the forecasting and simulation of mortality rates relies on the modelling
of the period-related functions kt('),i = 1,2 and of the cohort-related function
’y?t—z)V by means of time series techniques. A common approach is to adopt a
multivariate random walk with drift to describe the dynamics of the period-
related effects ([27]) and to use a ARIMA(p,d, q) specification for the cohort
effects, that is identified based on the BIC and on the biological reasonableness
of the forecasts ([14]). In relation to Finnish and Swedish mortality data, [40]
selects the optimal ARIMA(p, d, q) specification based on Bayesian Information
Criterion (BIC), over the combinations d € {0,1,2} and (p,q) € {0,1,2}, find-
ing that two times differencing is never an optimal choice. As in [57], we select
the optimal ARIMA(p,d, q) specification for the cohort-related function of the
models RH, APC and M6, by restricting the domain of values for d to {0,1}. For
these models, we apply the auto.arima function from the forecast package in R
([33]) to the time series of the estimated parameters ’y?t—:x)’ over each lookback
window. Such a function performs a search over possible model specifications,
under given settings (e.g., maximum p,d and g order and drift inclusion), ac-
cording to the values of information criteria, such as the Akaike Information
Criterion (AIC) and the BIC. For the data set we consider, for all the lookback
windows, the optimal ARIMA specifications turn out to be always integrated
and, in the vast majority of cases, with both the AR and the MA component
included. In this respect, ARIMA(1, 1, 2) is the most prevalent specification over
the most recent lookback windows and across models RH, APC and M6.
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We assess the uncertainty in mortality projections that arise from the esti-
mation of the parameters of the mortality models by means of semiparametric
bootstrap ([11]), through the functionalities of the StMoMo package.

4 Assessment of mortality overprediction

We intend to test the forecasting accuracy, across both ages and time, of the
stochastic mortality models under study, to assess the overall forecasting per-
formance in relation to the mortality profile of a potential annuitant at post-
retirement ages until 99. Tracking the ageing of such a person along the policy
duration means targeting the following sequence of point forecasts, mg ., pro-
vided by the mortality models, where z and ¢t move simultaneously one year
forward:

T65,t, T1066,t415 - - - » 171199, ¢4-34-

We compare these point forecasts of mortality rates against the realized val-
ues that can be observed in the data, 1, ¢, over all the lookforward windows
where we temporally set the duration of the annuity contract. For instance, in
relation to the last lookforward window, we target the following 35 couples of
one forecasted death rate and its respective observed counterpart, associated
with the same age and calendar year:

(65,1986, 65,1986 )5 (T1066,1987, 17066,1987) s - - - 5 (17299,20205 71299,2020) -

A similar procedure is used in [3].

As the lookforward windows move one year forward in time, we generally
denote by [f; the stepping off year and by [ f35 the last calendar year included
in a lookforward window.

We use the root mean square error (RMSE) to measure the average errors
made by the models under study in relation to the targeted mortality rates. The
RMSE is commonly used also to assess the forecasting performance of mortality
models, for instance in [57,37]. We obtain the RMSE with respect to our data
as follows:

35 35 1
€= [Z w; |ei|2/Zwi] , (14)
i=1 i=1
where |61‘ = |(m65+i_17lfi7’/77,65_5_1'_17”1)/m65+i_1,lfj |,i = 1, ey 35, is the relative
individual error for i-th couple of forecasted and observed mortality rate in the
lookforward window and w; is a scaling associated with each |e;|? to express
its assumed relative contribution to the total error. We give each |e;|? the same

weight, this implying w; = 1, Vi.
In Figure 1, we display a comparative analysis of the magnitude of the RMSE
€ associated with models L.C, RH, APC, CBD and M6. Such analysis allows to
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gain visual insights into the discrepancies in the forecasting performance across
models and prediction time spans, as we display RMSEs on all the lookforward
windows considered in our case study. The different lookforward windows are
displayed on the horizontal axis and are labeled with integer numbers between 1
and 11, with 1 = [1976,2010], 2 = [1977,2011],...,11 = [1986, 2020]. Models LC,
RH, APC, CBD and M6 are associated with colours blue, orange, dark green,
cyan and purple, respectively. On any given lookforward window, the higher
the bar the greater the RMSE score. Model APC is characterized by the lowest
RMSE systematically, on 9 lookforward windows out of 11. Model M6 shows the
poorest predictive accuracy among the considered models. Model LC ranks first,
in terms of RMSE, on lookforward windows 10 and 11. We split the age interval
in three bands, [65, 74], [75, 84] and 85+, to examine in more detail the relative
merits of the five models for making short-term, medium-term and long-term
forecasts, respectively. It is worth highlighting that model LC persistently shows
the highest predictive accuracy throughout the lookforward windows in relation
to the integer ages in [65,74], among the models under study, but to a small
extent (15% better RMSE than the other models for this age range on average
over all lookforward windows).

1.2
0.8

04

" 100 1t it il ol d 0 ol 0 o o
1 2 3 4 5 6 7 8 9 10 11

Lookforward window

0

N

HLC mRH mAPC mCBD mMé

Fig. 1. Comparison, in terms of RMSE, between the forecasting performances of mod-
els LC, RH, APC, CBD and M6 over 11 different lookforward windows. Lookforward
windows roll one-year ahead through time and are labeled with integer numbers be-
tween 1 and 11, with 1 = [1976,2010],2 = [1977,2011],...,11 = [1986,2020], on the
horizontal axis.

To obtain synthetic information about whether the mortality prediction er-
ror consists in a misestimation from above (overprediction error) or from below
(underprediction error) with respect to the true data, we extrapolate from the in-
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dividual errors the following ratio between the observed and the model-generated
mortality rates, that is of immediate interpretation, as the perfect matching cor-
responds to the value of 1:

NE5-1i—1,1f;
Y, = ————=1%, (15)
Me5+i—1,1f;

withi=1,...,35.

[4] uses this ratio as a benchmark for the fitting performance of stochastic
mortality models. Indeed, the closer the ratio Y to 1, the lower the fitting error.
Futhermore, they provide a stochastic representation of this error to obtain a
correction factor for models’ predictions. In the context of this study, Y; is tasked
with measuring how much pessimistic the mortality forecasts arising from the
chosen mortality model are, compared with the observed data, for each com-
bination of age and calendar year under study, the lookforward window being
fixed. For instance, a higher prediction than the mortality rate that is actually
observed results in a Y ratio lower than 1. Since we are interested in assessing
how well the various models manage to represent the mortality pattern of the
annuitant, we measure the average pessimism or overprediction attitude of the
models across the various ages attained by the annuitant as we move forward
in time along the policy duration. Such average pessimism is expressed by the
arithmetic mean of the individual Y;s over each lookforward window, Y.

In Figure 2, we display how Y varies over the considered lookforward win-
dow, for models LC (blue), RH (orange), APC (dark green), CBD (cyan) and
M6 (purple). We thus provide graphical insights, to evaluate, comparatively, the
average pessimism attitude of the models, dynamically as we move from a look-
forward window to the next one. All the mortality models under study generate
pessimistic mortality predictions compared to the realized data. Nevertheless,
APC model turns out to be systematically the least biased model. On average,
all the lookforward windows being considered, mortality overprediction bias for
model APC is around 8%, that is considerably below the bias assessed for model
M6 (around 43%) and mildly below the bias characterizing models LC, RH, and
CBD (around 14%). For all models, the pattern of the average pessimism bias
shows more variability on the most recent lookforward windows.

The model chosen for predicting mortality contributes to define the demo-
graphic assumption that underlies the computation of actuarial measures related
to life annuities. For instance, the effect of the user’s modelling choice is embed-
ded in the survival probabilities that explicitly appear in equation (11), which
defines the expected present discounted value of term life annuity contracts.
Since they result from the product of one-year survival rates, h-years survival
probabilities, with A > 1, compound the effect of biases in mortality forecasting
across ages. We thus perform a comparative analysis of the survival curves that
are obtained from the outcomes of the five stochastic mortality models under
study. In particular, it is relevant to examine survival curves in relation to the
post-retirement ages that are involved in our case study. In this respect, we fo-
cus on the probabilities that an invidual aged 65 survives h years ahead, with
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Fig. 2. Pattern of average mortality overprediction bias (average Y ratio) of models
LC, RH, APC, CBD and M6, over 11 lookforward windows. Lookforward windows roll
one-year ahead through time and are labeled with integer numbers between 1 and 11,
with 1 = [1976,2010],2 = [1977,2011],...,11 = [1986, 2020], on the horizontal axis.

h =1,...,35. Our numerical evidence shows that the pessimistic predictions of
the mortality pattern of the annuitants imply expecting lower survival prospects
than actually realized. This occurs systematically over the examined lookforward
windows.

As in the previous analysis, we show these results through a graphical analysis,
that makes more immediate the comparison among models with respect to a
common benchmark, being represented by the realized survival curve; the lat-
ter curve has been built based on the mortality rates actually observed for the
considered annuitants’ ages, over a given prediction time span. By way of an
example, we focus on the seventh lookforward window within our backtesting
scheme, spanning the calendar years 1982-2016. Accordingly, our analysis tar-
gets the probabilities ;g5 1982, = 1,...,35, where 65 and 1982 denote the age
of the individual and the respective calendar year when such age is attained.
We display this graphical evidence in Figure 3, where survival probabilities are
plotted against the years ahead h with respect to which they are computed. Six
curves are displayed, depending on the mortality rates underlying the survival
functions: observed mortality rates (black) or forecasts from models LC (blue),
RH (orange), dark green (APC), light blue (CBD) or M6 (purple).

As it is shown in the Figure, the discrepancies between models appear more
and more marked as the number of years ahead h increases. The gap becomes
narrower, instead, when approaching the maximum number of years ahead con-
sidered in this study, namely when considering the probability that an individual
aged 65 survives ages close to 100. Model APC provides the closest approxima-
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tion to the realized survival curve, while M6 turns out the least accurate model
in our sample. Furthermore, the gap between the survival curves obtained from
models RH, LC and CBD is not enouugh consistent and sharp to determine the
dominance of one these models over the others. As shown in the previous anal-
ysis, this result holds until lookforward window 8; afterwards, model LC turns
out to be the most accurate among all the considered mortality models.

1.0

= Empirical

RH
- APC
—— CBD
— M6

0.6
|

survival probabilities
0.4
|

0.2

0.0
|

0 5 10 15 20 25 30 35

years ahead

Fig. 3. Curves displaying the probabilities for a person aged 65 in calendar year 1982
to survive further h years, with h = 1,...,35. The curves are based on forecasts from
models LC, RH, APC, CBD and M6 and are compared against the empirical survival
curve, that is based on the mortality rates actually realized for the same ages and
calendar years.

5 The impact of mortality overprediction on annuity
values

In this Section, we provide a simple case study that quantifies, in monetary
terms, the impact of models’ forecasting behaviour on annuity values.

[35] study the impact of mortality improvements for post-retirement ages
on annuity values. In this respect, they show how allowing for future mortality
improvements is associated with an increase in the present value of annuity
payments and analyse the age ranges giving the greatest contribution to such an
additional cost, in relation to UK data.

Annuity values are sensitive to the choice of the model used to project fu-
ture mortality ([27]) and, given the choice of a specified model, rely on the
user’s judgement about the data that are informative to capture the underly-
ing dynamics of mortality. For instance, [3] show that implementing dynamic
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forecasting procedures leads to more accurate estimations of the fair value of
annuity contracts.

In the context of our study, we show that the considered stochastic mortality
models capture only partially the magnitude of the mortality improvements oc-
curred in the past and thus predict higher mortality levels than actually observed
in the data. We measure the financial impact of such a systematic overprediction
attitude on annuity values in the backtesting framework set out for models’ fit-
ting and forecasting. In this way, we can measure the extent of the misestimation
of annuity values as we move forward in time.

We focus on an immediate term life annuity, providing a stream of unitary
cash flows during the policy duration, for at most 35 years, conditional on the
annuitant’s survival. For this contract, we compute the expected present dis-
counted value of the annuity payments (EPDV). We assume that the policy is
issued on a person aged 65 in the observation year, when the actuarial valuation
has to be performed, and that provides benefits from the age 66. We discount
the stream of payments with a constant technical rate of return equal to 2%.
The backtesting framework we use allows to compute the EDPV that relies on
forecasts from stochastic mortality models and to compare it against the EDPV
that we could deem true on the demographic side, in that it reflects the realized
longevity outcomes over the time horizon where the life annuity is temporally
framed and for those post-retirement ages that are involved in the actuarial
valuation. Furthermore, the backtesting framework with rolling windows allows
to assess over time the misestimation of annuity values that results from the
persistent forecasting inaccuracy observed in the previous analysis.

Consistent with equation (11), in the remainder of the analysis, we denote
by aﬁEf;yjlfvﬁ
are actually observed in the j—th lookforward window for the post-retirement
ages from 65 to 99. While the superscript identifies the empirical nature of
the underlying mortality trajectory and the lookforward window this trajectory
relates to, the subscript denotes that the annuitant is aged 65 in the first year of
the lookforward window, and that the annuity has duration 35 years. In Figure 4,
we display how the empirical EPDV evolves over the eleven lookforward windows
we consider in our study. Data updating drives the empirical EPDV toward
progressively higher values, as displayed by the blue curve in Figure 4 and by
the dotted trend line linking the minimum to the maximum value reached by
the EPDV over time. On average, we observe an increase of 0.10 monetary units
when moving from one lookforward window to the next one, that reflects the
longevity improvements revealed by progressively new data.

We use the empirical EPDV as a benchmark to assess the estimation bias that

. . . ) M,j
arises from relying on the mortality models’ forecasts. We denote by R

the theoretical EPDV, relative to the j-th lookforward window (j = 1,...,11),
for every choice of the mortality model M = LC, RH, APC,CBD, M6.

On each lookforward window and for each mortality model, we measure the
relative difference between the the theoretical and the empirical EPDV. We
denote such measure by Spread}jf/[, to emphasize that it expresses a spread

the EPDV whose computation relies on the mortality rates that
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Fig. 4. Temporal evolution, over eleven lookforward windows, of the expected present
discounted value (in monetary units) of an immediate term life annuity on a person aged
65. This annuity provides payouts for 35 years, conditional on the annuitant’s survival.
The underlying survival probabilities are obtained from the observed mortality rates
in each lookforward window.

between two EPDV’s that differ only by the nature of the underlying survival
probabilities, being either model-generated or based on realized mortality rates.
The subscript denotes, instead, dependence on the choice of the lookforward
window j and of the mortality model M. We compute SpreadjT’A% as follows:

Mj B
TE 65,1f1:35] 65,1f1:35]
Spread; yy = B (16)
Ues.01,:35

In Figure 5, we propose a bar chart to show the extent by which the over-
prediction attitude of different mortality models leads to biased estimates of the
EPDV of the annuity contract under study. Indeed, in Figure 5 we display the
magnitude (percent values) of Spreadzf/, in relation to each lookforward window
(x-axis) and for all the considered mortality model, each identified by a different
coloured bar. Since all models underestimate longevity, in all cases Spread?f/l
turns out to be negative, this denoting that the theoretical EPDV consistently
approximates from below the empirical one. For instance, on lookforward win-
dow 11, choosing model APC as a predictor of mortality evolution leads to an
estimate of the fair value of the annuity contract that is 5.56% lower than it can
be retrospectively observed (13.37 monetary units against 14.23). In relation to
the same lookforward window, Spread{fLC is -5.32%. Generally speaking, it is
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systematically verified that model APC provides the closest estimate to the em-
pirical EPDV over lookforward windows 1-8, with model LC being ranked the
second in the sample of considered models. The opposite holds for lookforward
windows 9-11.

0.00%
-2.00%
-4.00%
-6.00%

ELC
w  -8.00%
e ® RH
T -10.00%
o E APC
& -12.00%

0 E CBD
-14.00% M6
-16.00%

-18.00%

1 2 3 4 5 6 7 8 9 10 11
Lookforward windows

Fig. 5. Magnitude (in percent values) of the spread between the theoretical (model-
based) and the empirical expected present discounted values of an example annuity
contract, on different lookforward windows and for different mortality models.

5.1 Optimism in mortality prediction and anti-selection effects

In the previous section, we have shown how the systematic errors made by some
extrapolative models in the family of generalized age-period-cohort stochastic
mortality models impact on the computation of the expected present discounted
value of an annuity contract. The consequence of mortality overprediction is
the underestimation of the longevity risk associated with the annuity contract
and thus of its actuarial value. Biases in mortality models’ behaviour have im-
plications on a variety of economic and actuarial measures that are based on
longevity forecasts, for instance those designed to express the value that life
annuities provide to annuitants, namely to the demand-side of the contract.
Empirical evidence shows that voluntary demand for annuities at retirement
is remarkably lower than what is predicted by standard economic theory. This
long-standing phenomenon, known as “annuity puzzle” ([46]), has been observed
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and studied globally ([13, 34, 39, 17]), with a few exceptions, for instance, Switzer-
land ([5]). Vast literature shows that behavioural and institutional factors con-
tribute to the observed mismatch between theory and observed behaviour (]6,
51,54]).

Extensive literature evaluates demand for annuities in the framework of port-
folio choice and life-cycle models of consumption, for instance [61], [25], [42], [30],
[29], and [59]. Besides utility based-measures, as in [12,10,44, 7], a commonly
adopted measure for the value of an annuity is the so-called “money’s worth ra-
tio” (MWR), that is the expected present discounted value of annuity payments
(EPDV) relative to the premium cost of the annuity ([45,43]).

According to the mathematical notation illustrated in section 2, the money’s
worth ratio can be expressed by the following ratio:

Qg t:7)
P b)

where a; .7 is the expected present discounted value of the stream of annuity
payments and P denotes the premium paid when the contract is underwritten
by the annuitant.

A MWR equal to 1 indicates that, on average, the annuitant can expect to
get back one monetary unit, in today’s terms, for every monetary unit she paid
in premiums. A MWR, lower than 1 denotes that, on average, the individual
will get back less in annuity payouts than what she invested in the annuity. A
MWR different from 1 is tipically identified in the literature as actuarially unfair
pricing or non-neutral pricing in actuarial sense ([9]). [53] report money’s worth
values for annuities of about 92 cents per premium dollar, in relation to the US
retail insurance market in 2020.

A MWR different from 1 reflects the cost of adverse selection, along with
administrative costs and profit margins ([26]). Indeed, mortality tables for an-
nuitants, that are tipically used for pricing, assume lower mortality than the one
expected for the general population. In this respect, according to [23], MWR
calculations that relate population mortality tables to the ones underlying an-
nuity prices represent quantitative measures of the degree of adverse selection in
the annuity markets. Such calculations indeed reveal the return that the typical
individual in the general population receives from the annuity, compared to the
typical annuity purchaser.

Adverse selection is extensively studied in relation to insurance markets. [24]
find evidence that individuals self-select into annuities having more valuable
characteristics for them, in terms of the time profile of annuity payouts. Indeed,
annuities providing more of their payments in later periods (i.e., back-loaded
annuities) are selected more, on average, by long-lived individuals, while annu-
ities paying out more in case of an early death are mainly chosen by short-lived
annuitants. Also other contributions point to the fact that individuals have in-
formation about their mortality risk type, that goes beyond what can be inferred
from their observable characteristics ([28,32,52]). [9] stress that if an individual
perceives the own mortality risk as greater than the one underlying the pric-
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ing of the annuities, then the MWR, could be significantly lower than unity, even
though the premium can be thought as neutral according to actuarial standards.

[56] study the mortality assumptions underlying the valuation of pension
liabilities in several countries, compared with the population mortality rates.

In the Italian context, [26] perform a study on MWR/’s, based on different
mortality tables and on a wide dataset of annuity prices. They show that using
life tables relative to the general Italian population delivers lower MWRs than
adopting annuitants mortality tables; the related decline, that quantifies the
costs of adverse selection, is about 10%.

Within our case study, we adopt a similar rationale to the one underpinning
the MWR and we propose a measure we denominate “Mortality scenario gap
(MSG)”. Such indicator is a ratio between two actuarial values for an annu-
ity contract. MSG expresses in the numerator the expected present discounted
value of the annuity based on the mortality forecasts for the general population
generated by stochastic models, according to a given quantile of the distribution
of the simulated mortality rates. In the denominator, it expresses the expected
present discounted value of the same annuity contract, but based on the mor-
tality rates from annuitants life tables. MSG thus serves as a rule of thumb to
measure to which extent the mortality forecasts for the unisex general popu-
lation, as obtained from different mortality models, should be “optimistic” to
reflect the mortality outcomes expected for annuitants. In this respect, as ex-
plained in the remainder of the section, we adopt models LC and APC to obtain
mortality forecasts for the Italian unisex population, while we use the mortality
rates from Italian annuitants life tables known as A62I ([1]). These life tables
derive forecasts from methods based on model LC, as adopted by the Italian
National Institute for Statistics. We can thus partially filter out the effects of se-
lecting very heterogeneous approaches to mortality forecasts when constructing
the MSG.

We focus on an immediate term life annuity, that offers a stream of unitary
cash flows at the end of each year during the policy duration, conditional on the
annuitant’s survival, starting from age 66.

We use the methods and tools illustrated in section 3.2 to fit models LC and
APC on the mortality data relative to calendar years 1951-2020 and to forecast
them 35 years ahead. We obtain central projections of the mortality rates and
focus on the mortality profile of an individual aged 65 in 2021 until age 99:
{1a 50212 6 9022+ - - -+ g 3055 }» With M = LC, APC.

We assess the uncertainty that originates from the estimation of the parame-
ters of the two models, by means of semiparametric bootstrap, that is performed
through the bootstrap function of the R package StMoMo, as explained in sec-
tion 3.2. From the boostrapped models LC and APC we obtain 5000 simulated
trajectories for the target mortality rates, for the next 35 years. We select the
2.5% quantile of the distribution of simulated mortality rates as a cut point
to reflect low mortality scenario, and 97.5% quantile to represent high mortal-
ity scenario. The spread between the two selected quantiles is the amplitude of
the 95% confidence interval. In relation to both quantiles, we derive the mor-
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tality profile of a person aged 65 in 2021, up to her age 99, according to the

. : . ¢ ~MH - MH M,H
high mortality scenario, {rg;’ 2021,m66 2022 - -y Mgg'a055 1 and the low mortal-

. . f~ ML M,L
ity scenario, {55021, M6 20225 - - m99 20 5 }. For each model, the three sets of

mortality rates represent the basehne for the computation of the survival prob-
abilities hpec5,2021, hpé{5,2021 and hpé&mzl, h=1,...,35, that are involved in the
computation of the expected present discounted value for the annuity contract

M,C o MH M,L
under study. We denote by Qg5 2021: 33" 65202139 and Qg5 2021: g5 the EPDV un-

der the three considered mortality scenarios: central, high and low, respectively,
with the superscript M denoting the fact that we use projections from mortality
models LC and APC. In Table 2, we report, for each model, the EPDV’s of
the annuity contract under the low, central and high mortality scenarios for the
Italian unisex population.

Table 2. Expected present discounted values of an example annuity contract based on
central, low and high mortality scenarios, models LC and APC.

Model LC Model APC

M,C
%65,2021:35 16.36 16.68
ML

oMl gy 1760 18.24
MH 15.02 15.09
65,2021:35| . )

As expected, extrapolating mortality trends from the 70 most recent years of
data leads to higher EPDV’s for the annuity contract we consider with respect
to the theoretical values obtained in the backtesting framework of the previous
section. The uncertainty in the estimation of the EPDV, arising from the models’
forecast error along with parameter uncertainty, is higher for model APC than

ML oL
for model LC, as measurable by the spread g5 2021 35~ %5.2021.35"

[48] provides an overview of the institutions that are involved in the de-
velopment of standard mortality tables that serve as a reference for pension
and insurance providers, in several countries. With respect to the Italian pop-
ulation, ANTA (Italian Association of Insurance Companies) developed two-
dimensional mortality tables for life annuitants according to ages and cohorts,
labeled A1900-2020 ([1,2]). These mortality tables were used to construct a
one-dimensional table (A62) according to an age-shifting method that refer-
ences the 1962 cohort. Separate tables relate to different types of annuity con-
tracts (immediate-A621, deferred-A62D and group life annuities-A62C). We use
A621 mortality tables for immediate life annuity contracts. A621 tables are based
on the population mortality projections carried out by Istat (Italian National
Institute of Statistics) and account also for the differentials, in terms of life
expectancy, that are expected to characterize the subpopulation of annuitants
compared with the general population (through specific self-selection factors).
Relevant information is provided also by the Italian National Order of Actuar-
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ies, for instance at https://www.ordineattuari.it/articoli/news/2014/2/
studio-ania-su-nuove-basi-demografiche/, where data can be retrieved.
Although referencing the unisex population of annuitants, separate tables are
available for different proportions of male and female annuitants in the sample.
By way of an example, we target the following proportions of male and female
annuitants, respectively: 80%-20%, 50%-50%, 20%-80%. For each gender compo-
sition, we use the mortality rates ¢, in the tables to obtain survival probabilities
and to compute the EPDV for the immediate term life annuity contract under

study. We denote such EPDV by ag‘s,zozl:ﬁy where the superscript A refers to

the fact that the computation relies on annuitants mortality tables. In Table
3, we report the EPDV values of the annuity contract under study, based on
annuitants mortality tables (A621), for different proportions of male and female
annuitants.

Table 3. EPDV values based on annuitants mortality tables (A62I), for different pro-
portions of male and female annuitants.

80%-20% 50%-50% 20%-80%
18.45 19.06 19.71

oA
65,2021:35|

Due to the higher longevity prospects for females, a increases with

65,2021:35|
the share of female population.

The mortality scenario gap is computed as follows:

M.k
MSG — ?45;2021:ﬁ, (17)

65,2021:35|

where M = LC,APC. k = C,L,H denotes the central, low or high mortal-
ity scenario, respectively, and g = 0.80,0.50,0.20 denotes the male to female
proportion considered.

We report the values of MSG under each considered case in Table 4. The
closer the ratio to 1 the more aligned the mortality trajectories underlying the
EPDVs that are compared against each other.

The MSG is lower than 1, for any considered choice of: the mortality projec-
tion model, the mortality scenario, and the gender composition. This result is
intuitive, since annuitants are generally expected to experience higher longevity
outcomes with respect to the general population. Nevertheless, from Table 4 we
can infer information about how much mortality forecasts for the general popula-
tion should be optimistic to mimic the mortality profile that A62I tables expect
for the annuitants. In this respect, we find that accounting for anti-selection ef-
fects, according to the A62I life tables, is almost equivalent to assume that future
mortality rates will realize according to a low mortality scenario (2.5% quantile
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Table 4. Mortality scenario gap that arises from comparing EPDVs based on popula-
tion life tables (according to models LC and APC) in the numerator with the EPDVs
based on annuitants life tables in the denominator (according to different gender pro-
portions).

A
@65,2021:35
80%-20% 50%-50% 20%-80%

e P o
W 0.79 0.76
65,2021:35]| : : :

N Qs o013y 0-90 0.88 0.85

odel APC g7 5y 099 0.96 0.93
o 0.82 0.79 0.77

65,2021:35

of the distribution of simulated mortality rates) for a population in which the
share of male is dominant (80%), based on the projections provided by model
APC. Indeed, for this specific case, the mortality scenario gap attains a value of
0.99.

Our empirical findings provide a kind of rule of thumb to understand to
which extent moving donward through the distribution of simulated mortality
rates for the general population may be useful to predict the potential outcomes
of higher longevity within the valuation of annuity contracts. Furthermore our
results show empirically how actuarial valuation is impacted by the following
two factors. On the one hand, as it is shown in the backtesting framework of
section 4, central projections from some extrapolative mortality models tend to
be overly pessimistic about future mortality. On the other hand, as expected,
accounting for anti-selection effects implies considering optimistic mortality pat-
terns, according to the lowest quantiles of the distribution of mortality rates.
Accordingly, it is important to disentangle the systematic predictions biases of
some stochastic mortality models from the actual impact of heterogeneity in the
mortality risk profiles of the annuitants and of the general population.

As a concluding remark, we stress that the MSG is impacted by the propor-
tion of male and females in the population. This reveals that the assumptions
about the female share of the population along with the assumptions about how
the gender gap in longevity may develop in the future may be important drivers
of annuity valuation.

6 Conclusions

In this paper, we provide a case study based on the Italian unisex mortality
experience, to assess mortality overprediction as as systematic attitude of some
extrapolative mortality models. Furthermore, we study the persistence of such
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an attitude over time, by means of a backtesting strategy with rolling windows
of data. Furthermore, we estimate some financial consequences of mortality over-
prediction, in relation to actuarial and economic measures that are intrinsically
based on longevity forecasts. Our examples relate to the actuarial value of an-
nuity contracts and cover also their actuarial fairness, namely the value that
the contract provides to the annuitant. Depending on the selected mortality
model, overpredicting mortality translates into an underestimation of the ex-
pected present value of the payouts of an example annuity contract from around
5% (APC) to around 16% (M6), on average over time. This evidence sheds light
on some relevant consequences: besides the underestimation of the longevity risk
associated with the annuity from the insurer’s perspective, the introduction of
biases in those measures designed to measure the actuarial fairness of an insur-
ance contract. For instance, measures similar to the MWR may incorporate, to
some extent, models’ (in)abilities to capture mortality improvements over time,
and thus may provide biased estimations of the magnitude of actuarial fairness.

Within our case study, we adopt a similar rationale to the one underpinning
the MWR and we propose a measure we denominate “mortality scenario gap
(MSG)”. Such indicator is indeed a ratio between two actuarial values for an
annuity contract, but it serves as a rule of thumb to measure to which extent
the mortality forecasts from different mortality models should be “optimistic” to
reflect the mortality outcomes expected for annuitants. For instance, we find that
accounting for anti-selection effects, according to the A621 life tables from ANTA,
is almost equivalent to assume that future mortality rates will realize according to
a low mortality scenario (2.5% quantile of the distribution of simulated mortality
rates) for a population in which the share of male is dominant (80%), based on
the projections provided by model APC.

Our empirical findings provide a kind of rule of thumb to understand to
which extent moving donward through the distribution of simulated mortality
rates for the general population may be useful to predict the potential outcomes
of higher longevity within the valuation of annuity contracts. Furthermore we
stress that the assumptions about how the gender gap in longevity may develop
in the future and prediction biases from mortality models can be important
drivers of annuity valuation.

Future research may deepen the role of mortality models’ prediction biases
and of the assumptions about how the gender longevity gap could evolve in the
future on the size of the degree of adverse selection measured in annuity markets,
in more complex settings, when larger information about annuity market prices
and take-up rates are available.
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