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Abstract. In recent years the popularity of indexing has greatly increased in financial
markets and many different families of products have been introduced. Often these products
also have a minimum guarantee in the form of a minimum rate of return at specified dates or
a minimum level of wealth at the end of the horizon. Period of declining stock market returns
together with low interest rate levels on Treasury bonds make it more difficult to meet these
liabilities. We formulate a dynamic asset allocation problem which takes into account the
conflicting objectives of a minimum guaranteed return and of an upside capture of the risky
asset returns. To combine these goals we formulate a double tracking error problem using
asymmetric tracking error measures in the multistage stochastic programming framework.
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1 Introduction

The simultaneous presence of a benchmark and a minimum guaranteed return characterizes
many structured financial products. The objective is to attract potential investors who
express an interest in high stock market returns but also are not risk-seeking enough to fully
accept the volatility of this investment and require a cushion. This problem is of interest
also for the asset allocation choices for pension funds both in the case of defined benefits
(which can be linked to the return of the funds) and defined contribution schemes in order
to be able to attract members to the fund. Moreover many life insurance products include
an option on a minimum guaranteed return and a minimum amount can be guaranteed by
a fund manager for credibility reasons. Thus the proper choice of an asset allocation model
is of interest not only for investment funds or insurance companies which offer products
with investment components but also for pension fund industry.

In the literature there are contributions which discuss the two components separately,
there are contributions which discuss the tracking error problem when a VaR, CVaR or
Maximum Drawdown (MD) constraint is introduced mainly in static framework, but very
few contributions address the dynamic portfolio management problem when both a mini-
mum guarantee and a tracking error objectives are present, see for example [14]. To jointly
model these goals we work in the stochastic programming framework since it proved to
be flexible enough to deal with many different issues which arise in the formulation and
solution of these problems. We do not consider the point of view of an investor who wants
to maximize the expected utility of his wealth along the planning horizon or at the end of
the investment period. Instead we consider the point of view of a manager of a fund, thus
representing a collection of investors, who is responsible for the management of a portfolio
connected with financial products which offer not only a minimum guaranteed return but
also an upside capture the risky portfolio returns. His goals are thus conflicting since in
order to maximize the upside capture he has to increase the total riskiness of the portfolio
and this can result in a violation of the minimum return guarantee if the stock market expe-
riences periods of declining returns or if the investment policy is not optimal. On the other
side a low risk profile on the investment choices can assure the achievement of the minimum
return guarantee, if properly designed, but leaves no opportunity for upside capture.

2 Minimum guaranteed return and constraints on the level
of wealth

The relevance of the introduction of minimum guaranteed return products has grown in re-
cent years due to financial market instability and to low level of interest rates on government
(sovereign) and other bonds. This makes it more difficult to fix the level of the guarantee in
order to attract potential investors. Moreover this may create potential financial instability
and defaults due to the high levels of guarantees fixed in the past for contracts with long
maturities, as the life insurance or pension fund contracts. See, for example, [8][20][30].

A range of guarantee features can be devised such as rate-of-return guarantee, among
which the principal guarantee, i.e. with a zero rate of return, minimum benefit guarantee,



and real principal guarantee. Some of them are more interesting for participants in pension
funds while other are more relevant for life insurance products or mutual funds. In the
case of minimum return guarantee we ensure a deterministic positive rate of return (given
the admissibility constraints for the attainable rate of returns); in the minimum benefit
a minimum level of payments are guaranteed, at retirement date, for example. In the
presence of nominal guarantee usually a fixed percentage of the initial wealth is guaranteed
at a specified date while real or flexible guarantee are usually connected to an inflation
index or to a capital market index.

The guarantee constraints can be chosen with respect to the value of terminal wealth
or as a sequence of (possibly increasing) guaranteed returns. This choice may be lead to
the conditions of the financial products linked to the fund. The design of the guarantee is
a crucial issue and has a consistent impact on the choice of the management strategies.

Not every value of minimum guarantee is reachable, no arbitrage arguments can be
applied. The optimal design of a minimum guarantee has been considered and discussed
in the context of pension fund management in [14]. Muermann et al. [25] analyzes the
willingness of participants to a defined contribution pension fund to pay for a guarantee
from the point of view of regret analysis.

Another issue which has to be tackled in the formulation is the fact that policies which
give a minimum guaranteed return usually provide to policyholders also a certain amount
of the return of the risky part of the portfolio invested in the equity market. This reduces
the possibility of implementing a portfolio allocation based on Treasury bonds since no
upside potential would be captured. The main objective is thus a proper combination of
two conflicting goals, namely a guaranteed return, i.e. a low profile of risk, and at least
part of the higher returns which could be granted by the equity market at the cost of a high
exposure to the risk of not meeting the minimum return requirement.

A first possibility is to divide the investment decision into two steps. In the first the
investor chooses the allocation strategy without taking care of the guarantee, while in the
second step he applies a dynamic insurance strategy (see for example [15]).

Consiglio et al. [9] discuss a problem of asset and liability management for UK insurance
products with guarantees. These products offer to the owners both a minimum guaranteed
rate of return and the possibility to participate in the returns of the risky part of the portfolio
invested in the equity market. The minimum guarantee is treated as a constraint and the
fund manager maximizes the Certainty Equivalent Excess Return on Equity (CEexROE).
This approach is flexible and allows one to deal also with the presence of bonuses and/or
target terminal wealth.

Different contributions in the literature tackled the problem of optimal portfolio choices
with the presence of a minimum guarantee both in continuous and discrete time also from
the point of view of portfolio insurance strategies both for an European type guarantee and
for an American type guarantee, see for example [10][11].

We consider the problem of formulating and solving an optimal allocation problem
including minimum guarantee requirements and participation in the returns generated from
the risky portfolio. These goals can be achieved both considering them as constraints or
including them in the objective function. In the following we will analyze in more detail the
second case in the context of dynamic tracking error problems which in our opinion provide



the more flexible framework.

3 Benchmark and tracking error issues

The introduction of benchmarks and of indexed products has greatly increased since the
Capital Asset Pricing Model (see [27][23][24]) promoted a theoretical basis for index funds.
The declaration of a benchmark is particularly relevant in the definition of the risk profile
of the fund and in the evaluation of the performance of funds’ managers. The analysis of
the success in replicating a benchmark is conducted through tracking error measures.

Considering a given benchmark different sources of tracking error can be analyzed and
discussed, see, for example [19]. The introduction of a liquidity component in the manage-
ment of the portfolio, the choice of a partial replication strategy, the management expenses,
among others, can lead to tracking errors in the replication of the behavior of the index
designed as benchmark. This issue is particularly relevant in a pure passive strategy where
the goal of the fund manager is to perfectly mime the result of the benchmark while it is
less crucial if we consider active asset allocation strategies in which the objective is to create
overperformance with respect to the benchmark. For instance, the choice of asymmetric
tracking error measures allows us to optimize the portfolio composition in order to try to
maximize the positive deviations from the benchmark. For the use of asymmetric tracking
error measures in a static framework see, for example, [16][22][26].

For a discussion on risk management in presence of benchmarking, see Basak and Shapiro
[4]. Alexander and Baptista [1] analyze the effect of a drawdown constraint, introduced to
control the shortfall with respect to a benchmark, on the optimality of the portfolios in a
static framework.

We are interested in considering dynamic tracking error problems with a stochastic
benchmark. For a discussion on dynamic tracking error problems we refer to [2][5][7][13]
[17].

4 Formulation of the problem

We consider the asset allocation problem for a fund manager who aims at maximizing the
return on a risky portfolio while preserving a minimum guaranteed return. Maximizing
the upside capture increases the total risk of the portfolio, this can be balanced by the
introduction of a second goals, i.e. the minimization of the shortfall with respect to the
minimum guarantee level.

We model the first part of the objective function as the maximization of the over per-
formance with respect to a given stochastic benchmark. The minimum guarantee itself can
be modeled as a, possibly dynamic, benchmark. Thus the problem can be formalized as
a double tracking error problem where we are interested in maximizing the positive devia-
tions from the risky benchmark while in the same time we want to minimize the downside
distance from the minimum guarantee. The choice of asymmetric tracking error measures
allows us to properly combine the two goals.



To describe the uncertainty in the context of a multiperiod stochastic programming
problem we use a scenario tree. A set of scenarios is a collection of paths from ¢t =0 to T,
with probabilities 7, associated to each node k; in the path: according to the information
structure assumed this collection can be represented as a scenario tree where the current
state corresponds to the root of the tree and each scenario is represented as a path from
the origin to a leaf of the tree.

If we fix it as a minimal guaranteed return, without any requirement on the upside
capture we obtain a problem which fits the portfolio insurance framework, see, for example,
[3][6][18][21][28]. For portfolio insurance strategies there are strict restrictions on the choice
of the benchmark which cannot exceed the return on the risk free security for no arbitrage
conditions.

Let zj, be the value of the risky benchmark at time ¢ in node k;; 2z; be the value of the
lower benchmark, the minimum guarantee, which can be assumed to be constant or with
a deterministic dynamics, thus it does not depend on the node k;. We denote with yi, the
value of the managed portfolio at time ¢ in node k;. Moreover let ¢, (yk,, Tk,) be a proper
tracking error measure which accounts for the distance between the managed portfolio and
the risky benchmark, and vy, (yk,, 2:) a distance measure between the risky portfolio and
the minimum guarantee benchmark. The objective function can be written as

T K Ky
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where a; and 3; represent sequences of positive weights which can account both for the
relative importance of the two goals in the objective function and for a time preference of
the manager. For example, if we consider a pension fund portfolio management problem we
can assume that the upside capture goal is preferable at the early stage of the investment
horizon while a more conservative strategy can be adopted at the end of the investment
period. A proper choice of ¢; and v, allows us to define different tracking error problems.
The tracking error measures are indexed along the planning horizon in such a way that
we can monitor the behavior of the portfolio at each trading date ¢. Other formulations
are possible. For example, we can assume that the objective of a minimum guarantee is
relevant only at the terminal stage where we require a minimum level of wealth zp
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The proposed model can be considered a generalization of the tracking error model
of Dembo and Rosen [12] who consider as an objective function a weighted average of
positive and negative deviations from a benchmark, in our model we consider two different
benchmarks and a dynamic tracking problem.

The model can be generalized in order to take into account a monitoring of the shortfall
more frequent than the trading dates, see Dempster et al. [14].

We now present the formulation of the model in its arborescent form. We consider a
manager who has to compose and manage his portfolio using n risky asset and a liquidity



component. We denote with ry, = (714, ..., "k, ) the vector of returns of the risky assets for
the period [t —1,¢] in node k; and with 7,11, the return on the liquidity component in node
k;. In order to account for transaction costs and liquidity component in the portfolio we
introduce two vector of variables ax, = (a1k,,--.,ank,) and vy, = (V1g,,--.,Vnk,) denoting
the value of each asset purchased and sold at time ¢ in node k;, while we denote with  the
proportional transaction costs.

Moreover we choose the mean absolute downside deviation tracking error measure both
for the risky portfolio and for the guaranteed level of wealth in the objective function, that
is we set

¢kt(yktv xkt) = [ykz - wkt]Jr = 0]—;7 (3)
wkt (ykt7 Zt) = [yk;t — Zt]_ = ’}/k_t (4)
where [yg, — xk,]T = max[yr, — 2k,,0] and [yg, — 2]~ = minfyg, — 2¢,0]. The minimum

guarantee can be assumed constant over the entire planning horizon or it can follow a
deterministic dynamics, i.e it is not scenario dependent. Following [14] we assume that there
is an annual guaranteed rate of return denoted with p. If the initial wealth is Wy = Z?:ll Ti0,
then the value of the guarantee at the end of the planning horizon is W = Wy(1+p)T. At
each intermediate date the value of the guarantee is given by z; = eder—n(T=1) Wo(1+p)T,
where 70Tt g discounting factor, i.e. the price at time t of a zcb which pays 1 at

terminal time T'.



The dynamic tracking error problem is
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where we need to specify the value of the benchmark and the value of the minimum guarantee
at each time and for each node. The stochastic benchmark y;, and the prices of the risky
assets in the portfolio must be simulated according to given stochastic processes in order to
build the corresponding scenario trees. Other dynamics for the minimum guaranteed level
of wealth can be designed. In particular, we can discuss a time varying rate or return p;
along the planning horizon, or we can include the accrued bonuses as in [8].

A second approach to tackle the problem of the minimum return guarantee is to in-
troduce probabilistic constraints in the dynamic optimization problem. Denoting with 6,
the desired confidence level we can formulate the shortfall constraints both on the level of



wealth at an intermediate time ¢ and on the terminal wealth as follow
PriWy<z)<1—-6 Pr(Wr<zr)<1-40

where W; is the random variable representing the level of wealth. Under the assumption of
a discrete and finite number of realizations we can compute the shortfall probability using
the values of the wealth in each node Wy, = Z?:Jrll Z;k,- This gives origin to a chance
constrained stochastic optimization problem which can be extremely difficult to solve due
to non-convexities which may arise, see [14].

5 Concluding remarks

We discuss the issue of including in the formulation of a dynamic portfolio optimization
problem both a minimum return guarantee and the maximization of the potential returns
from a risky portfolio. To combine these two conflicting goals we formulate them in the
framework of a double dynamic tracking error problem using asymmetric tracking measures.
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